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ABSTRACT 
Although proof is a primary way that people communicate mathematically, it is 
not a strand of mathematics that is well taught in schools. Little research has been done 
on how professional development programs might improve this teaching. This study 
investigated the effects of a professional development program on in-service geometry 
teachers ' beliefs and teaching practices of proof. Six participants in a high school 
participated in a 20 hour professional development program. All participants took part in 
pre- and post- interviews. In addition, two participants had their classes observed before 
and after the professional development program when they were teaching proof. 
In order to describe how the participants' beliefs and teaching practices changed 
after the professional development, the interviews were coded using a frame work from 
Knuth (2002a, 2002b ). Classroom observations were coded using the Instructional 
Quality Analysis Rubric (Junker, 2006). Changes were then mapped onto the 
Interconnected Growth Model (Clarke & Hollingsworth, 2002). Results showed that 
after the professional development program, the participants stated they felt that it was 
vi 
important to include inductive reasoning components in proof tasks to create insight and 
provide motivation for formal proof writing. Classroom observations showed that the 
participants were attempting to implement such tasks in their classrooms but their level of 
implementation varied and depended highly on their beliefs prior to the professional 
development program. 
Future research will use the results of this study to modify the professional 
development program and implement it with a new cohort of teachers. Also, future 
research will analyze similar professional development programs in other courses of 
mathematics such as Algebra 1 and middle school mathematics. 
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CHAPTER 1: THE RESEARCH PROBLEM 
Section 1: Introduction 
The ability to reason mathematically and write proofs is a critical component of 
the mathematical knowledge of all students. This is because proof is one of the primary 
ways that people communicate mathematically. In addition, the deductive reasoning on 
which proofs are built is what makes mathematics distinct from the empirical sciences 
(Healy & Hoyles, 1998). For these reasons, the mathematics and mathematics education 
communities have made justification and proof an emphasis in the curriculum by 
including them within the standards documents. Specifically, the Standards for 
Mathematical Practice within the Common Core State Standards (2010) calls for 
students to construct viable arguments and to critique the reasoning of others. This 
emphasis supports and builds upon the National Council ofTeachers ofMathematics 
(NCTM) stance found in Principles and Standards for School Mathematics (2000) which 
states that the mathematics education of pre-K through grade 12 students should enable 
all students "to recognize reasoning and proof as fundamental aspects of mathematics, 
make and investigate mathematical conjectures, develop and evaluate mathematical 
arguments and proofs, and select and use various types of reasoning and methods of 
proof' (p.56). 
Despite the focus on reasoning and proof, research shows high school students' 
abilities to justify their results and prove mathematical assertions is not strong. Research 
by Knuth and colleagues (2010) and Evans (2007) showed that even when students were 
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aware of the need for a generalized argument, many lacked the mathematical language 
and tools to move beyond an example-based argument and complete a deductive proof 
Instead, students simply listed a chronological account of their actions without making 
connections between steps. Such poor skills are reflected in the results of national 
assessments. Over the last decade, on justification questions within the National 
Assessment ofEducational Progress (NAEP) test, many students were unable to provide 
complete justifications even when they had identified the correct answers. In fact, few 
even attempted to prove their results suggesting that they may not understand what the 
term prove means. More recently, on the 2011 NAEP, the number of students able to 
correctly answer the geometry reasoning questions and provide complete justifications 
was only 12%. The consistency in results suggests that little progress has been made in 
improving students ' justification skills during the past decade. 
One possible reason students may have such difficulties with justifying and 
proving mathematical ideas is that teachers do not have a clear understanding of how 
proof and justification should be taught. Research studies focused on teachers' 
understandings of proofs reveal that what teachers do understand is fairly superficial. 
Specifically, most teachers understand the procedures for writing a proof, but fail to 
understand the concepts and thinking methods that drive the reasoning and proof writing 
process (Mewborn, 2003 ). As a result, proof is viewed as a topic of study rather than an 
overarching mathematical process. This in turn leads to an emphasis on form over 
content and often results in teachers only examining the correctness of the individual 
lines in a proof rather than the mathematical validity of the entire argument (Knuth, 
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2002a). Teachers' current teaching practices around proof do not support students' 
understanding of the process of justification and proof 
Standards documents emphasize the importance of including reasoning and proof 
in the high school mathematics curriculum and the importance of teachers needing to 
emphasize these practices in their instruction. Yet, many teachers do not value the 
teaching of proof or see proofs as something that all students are capable of completing. 
When asked about the recommendations on proof from the standards documents, teachers 
often take one of two stances: the majority of teachers agree with the standards inclusion 
of proof as long as it is limited to only the inclusion of informal and empirical proofs. 
The remaining teachers often agree that a rigorous definition of proof should be included 
in instruction but believe that only advanced students are capable of meeting that 
standard (Knuth 2002b ). In summary, many teachers do not fully understand how to 
construct a valid proof and do not believe in the value of asking all students to write 
proofs. 
One approach to assisting teachers in deepening and extending their 
understanding of instructional methodology around teaching reasoning and proof is to 
provide professional development programs on these topics. However, there are only a 
small number of studies that have investigated the role of professional development 
programs in supporting teachers' growth concerning reasoning and proof This is 
partially because in the area of reasoning and proof current professional development 
program efforts have focused on developing teachers' personal mathematical knowledge 
of proof, and not on their teaching of proof This emphasis has meant that teachers are 
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not prepared to meet the demands set forth in the standards documents involving the 
teaching of reasoning and proof(Knuth, 2002a). Furthermore, the existing research does 
not provide guidelines for professional development programs on how to support 
teachers' development of students' proficiency with reasoning-and-proving over time. 
(Styliandes & Silver, 2010). This research project will explore the effects of a 
professional development program designed to meet these needs within a high school 
mathematics department by giving teachers mathematical experiences that focus on proof 
as problem solving. It will also provide teachers with opportunities to implement what 
they have learned from the professional development program into their practices. These 
activities will in tum present teachers with the opportunity to examine their beliefs and 
teaching practices around the teaching of proofs. 
Section II: Justification 
Many current teaching practices around mathematical proof misrepresent the 
process. Farrell (1987) notes that for mathematicians doing a proof and writing a proof 
are two different, but connected activities. While actually writing a proof requires a 
focus on rigor and precision, the creation of a proof requires problem solving skills and 
inductive reasoning, and it is not as linear a process as the final product implies. In 
addition, for a mathematician, the actual writing of the proof is only a final step which is 
largely ignored during the idea generating phase (Farre111987). Tymoczk:o (1986) 
supports this view by contending that mathematics consists of developing and criticizing 
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arguments until a mature proof is created. The NCTM (2000) Principles and Standards 
of School Mathematics (2000) and Common Core State Standards (2010) stated that 
students need to make, investigate, and refine conjectures and develop these conjectures 
into sound mathematical arguments and proofs. These practices are similar to the 
inductive activities exhibited by mathematicians when creating proofs. On the other 
hand, in schools, mathematics instruction on proof tends to focus heavily on the fmal step 
of writing a proof rather than on the creation of the proof through problem solving 
activities. 
This focus on proof writing has led to the teaching of proof with an emphasis on 
step-by-step procedures. Rather than approaching proving tasks from a problem solving 
perspective, the teaching of proofs in most high school classes is very formulaic. In 
typical lessons, the truth of the conclusion is obvious before the process begins, and the 
students are responsible for only suggesting possible statements and reasons. The teacher 
stands at the board and arbitrates whether such statements are appropriate and in what 
order (Herbst et al., 2010). When proof is presented by teachers in a form driven style, 
the lessons fail to produce positive results because students fail to see the point of the 
proving task and struggle to write proofs independently. This in turn causes teachers to 
develop negative attitudes toward the teaching of proofs, and they either drop the 
teaching of proof all together or lower their standards on what is an acceptable proof 
Thus, teachers view a full justification of an argument as something "especially 
impressive" or something only for students who were developmentally advanced (Bieda, 
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2010). Consequently, for a variety of reasons many students do not have an opportunity 
to learn the logical argumentation that proof writing develops. 
Reasoning and proof lie at the heart of the instruction that recent standards 
documents encourage. Without improvements on the formulaic methods currently used 
by teachers in teaching proof, the goals of these standards will not be reached. However, 
accomplishing such a shift in instruction is not simple, and it goes beyond encouraging 
teachers to change their methods. Professional development programs need to be 
enacted that have the potential to influence teachers' conceptions, instructional practices, 
and belief about the teaching of reasoning and proof. The problem is that very little 
research exists as to what types of professional development activities will accomplish 
this goal. Much of the previous research has only articulated the problems with teaching 
proof in classrooms or has focused on case studies of exemplary teachers and the 
practices they employ. Little research has been done that investigates the role a 
professional development program has on teachers' beliefs and instruction in this area. 
This study will provide such research by examining how a professional development 
program focused on proofs affects the beliefs and practices of high school geometry 
teachers. 
This particular professional development program will focus on the development 
of teachers' mathematical knowledge for teaching (MKT) around proof. MKT is the 
experiences and learning needed for successful math instruction (Ball, 2008). Two 
methodologies that can be used to develop teachers' MKT through professional 
development are shared lesson planning and implementation and the analysis of student 
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work. While there is limited research in the area of proof around using these models in 
professional development programs, research has shown them to be effective in changing 
teachers' practices in the areas of geometry and reasoning. In their work, Driscoll and 
colleagues (2009) developed a professional development program called "Fostering 
Geometric Thinking" in which the researchers attempted to develop teachers' geometric 
habits of mind, which included generalizing geometric ideas and balancing exploration 
with reflection. Both habits are key ideas when working with the problem solving and 
inductive methods that lead to formal proof writing. Their professional development 
workshops were run in cycles of doing and reflecting on mathematical tasks, writing 
mathematical tasks, and collecting and analyzing student work. Results from their study 
suggested that teachers who went through the program had a better lens through which to 
interpret students' emerging mathematical ideas ,and they were better equipped to handle 
students' mathematical explorations by asking strategic questions to foster 
generalizations. The professional development program in this project will enact a 
similar model to develop teachers' use of inductive methods to lead to development of 
formal proof. 
Section ill: Statement of the Problem 
The purpose of this study is to assess the effectiveness of a professional 
development program designed to improve the teaching of reasoning and proof in 
geometry courses at a high school. In particular, the study will examine the effect of the 
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program on teachers' beliefs and teaching practices. Specifically, it will answer the 
following questions: 
1. What are the effects of a professional development program on the 
beliefs of secondary teachers on the role and use of reasoning and proof 
in geometry? 
2. What are the effects of a professional development program on 
teachers' teaching practices of reasoning and proof in geometry? 
Section IV: Definitions 
Proof is a mathematical argument, a connected sequence of assertions for or against a 
mathematical claim, with the following characteristics: 
• It uses statements accepted by the classroom community (set of accepted 
statements) that are true and available without further justification. 
• It employs forms of reasoning (modes of argumentation) that are valid and known 
to, or within the conceptual reach of the classroom community 
• It is communicated with forms of expression (modes of argument representation) 
that are appropriate and known to, or within the conceptual reach, of the 
classroom community. (Stylianides, 2007). 
Within this definition, it is important to note that the classroom community, consisting of 
students and the teacher, has a special role within that community. Specifically, the 
teacher serves as a bridge between the students' mathematical knowledge and the larger 
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world of mathematical common content knowledge. Further, the classroom community 
does not imply that all students share the same mathematical knowledge, but that there is 
a collective knowledge within the classroom that students can use to solve problems. 
(Stylianides, 2007) 
While there are many formats that a proof can take (in fact there is not widespread 
agreement on the form of a proof in the broader mathematics community), there are 
consistent elements that must be included a proof. Specifically, the writer of a proof 
must first take note of the given information (the mathematical properties that are already 
known or that can be assumed) and what needs to be proven. The writer must then 
organize the necessary steps that will allow the inference of the conclusions from the 
givens in a clear and coherent sequence. This implies that each step must indicate a 
logical conclusion based on the steps listed previously. (Healy & Hoyles 1998). 
Professional Development is continuing education designed to lead to the advancement 
of skills or expertise necessary to succeed as a teacher. The primary goals of 
professional development programs are to enhance the teaching, and as a consequence, 
the student learning that occurs in classrooms. A professional development program can 
have one of several goals including developing a shared vision ofteaching and learning, 
developing an understanding of the role of equity, and developing teachers' mathematical 
knowledge for teaching (MKT) (Ball, 2008). This particular professional development 
program will focus on the development of teachers ' mathematical knowledge for 
teaching around proof. 
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Professional Development Program on Reasoning and Proof: The professional 
development program in this study focused on high school geometry. Geometry provides 
an ideal setting for students to learn to write formal proofs. One reason is that many of 
the ideas in geometry can be represented pictorially, which provides students greater 
access to the key ideas and the ability to develop the skill of proving without also having 
to focus on algebraic manipulations (Evans, 2007). Once students have become 
confident using proof and justification skills, they are often better able to use these 
processes in other mathematics courses. 
This professional development program had two goals: 
1. To develop teachers ' understanding of the how the use of inductive reasoning 
components can benefit the writing a deductive proof. 
2. To develop teachers ' abilities to teach using inductive reasoning components 
when teaching students how to write deductive proofs. 
To accomplish these goals, the program used the four components of the Driscoll 
et al (2009) model: 1) mathematical experiences for teachers, 2) lesson development, 3) 
implementation with students, and 4) reflection on the implementation and student work. 
The mathematical experiences consisted of proof tasks that the participating teachers will 
explore. These explorations demonstrated to teachers that the proof can be taught using 
tasks that include an inductive reasoning component. This component will include a 
focus on how induction, data gathering, and generalizations help to lead to the creation of 
deductive proofs. 
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However, simply demonstrating a new form of teaching will not change teachers' 
practices. The research suggests that teachers' knowledge and beliefs will not be fully 
altered until they have the opportunity to implement ideas in their classrooms and reflect 
on them. In fact, the change in knowledge and beliefs is an iterative process. As 
teachers see and reflect on the benefits of a new practice because of their students' 
positive outcomes, their beliefs shift, and thus becoming interested in learning more 
about the process (Loucks-Horsley et al., 2003). For this reason, the professional 
development program had an implementation component which focused on lesson 
development culminating in teachers taking textbook tasks and reformulating them so 
that they become proof tasks similar to ones that the teachers completed themselves 
during the mathematical explorations. This writing was carried out in cycles in which 
the group wrote tasks, used them in their classrooms, and then discussed and reflected on 
the results to refine the ideas. 
The fourth component of the professional development program involved 
reflection. It is only through reflection that teachers are able to recognize the reasons for 
positive student outcomes and alter their beliefs (Loucks-Horsley et al., 2003). To 
complete the reflections, teachers filled out reflection sheets immediately following their 
lesson implementation. Then in the following session, the participants reflected on the 
experiences as a group using a procedure called a tuning protocol in which one teacher 
presents their findings using their notes and classroom artifacts to simulate a group 
discussion 
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Each session used a combination of the components as they developed the 
teaching of proof. In the first three sessions, participants explored inductive and 
deductive reasoning and the connection between the two as part of the mathematical 
experiences. One session was devoted to each form of reasoning with the third built 
around connecting the two by using data from the inductive explorations to build 
deductive arguments. After exploring each type of reasoning, participants were asked to 
perform similar explorations with their classes of students, to collect student work, and to 
reflect on the work using the tuning protocol in subsequent sessions. The fourth session 
focused on actual proof writing using a method called "Planning Backwards", in which a 
person considers each conclusion of a proof and determines what the previous step must 
be that led to that conclusion (Serra, 2008). The fifth session focused on implementation 
to help participates facilitate a proof experience with their students. While the 
participants explored a problem called "The Hex of Pythagoras" (a challenging question 
whose answer will not be immediately apparent to many of the participants), the 
facilitator will demonstrated Smith and Stein' s (20 11) five practices of orchestrating 
classroom discussions around tasks (anticipating, monitoring, selecting, sequencing, and 
connecting). The goal was to have participants learn how to conduct a discussion as such 
discussions limit the proceduralizing of proof and allow students to engage in genuine 
discussions about what constitutes a complete proof. 
The final five sessions focused on writing three lessons that involve proof 
activities, teaching these lessons to students, and reflecting on the overall experience. 
Teachers incorporated inductive reasoning, data gathering, deductive reasoning, and 
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proof writing in these lessons. Specifically, in Sessions 6 and 7, participants engaged in 
additional mathematical experiences and then wrote appropriate scaffolding tasks for 
their students to try based on the topic investigated. In the final three sessions, 
participants created their own proving tasks around the Pythagorean Theorem. They used 
their tasks in their teaching, collected student work, and reflected on students' 
understanding. By the end of the professional development program, it was anticipated 
that the participants would be able to write their own proving tasks and analyze the 
results for student understanding. 
Proof Tasks with Inductive Reasoning Components: The professional development 
put an emphasis on using tasks that begin with students examining cases, collecting data, 
and making generalizations using inductive reasoning. These generalizations were then 
used to motivate and guide the writing of deductive proofs. Inductive reasoning is 
defined as "the process of observing data, recognizing patterns, and making 
generalizations about those patterns" (Serra, 2008). It is important to note that inductive 
reasoning is not the same as a proof by induction. Proof by in induction is a form of 
deductive proof in which a person proves that the first statement in an infinite sequence 
of statements is true, and then proves if any one statement is true then the following 
statement must also be true within the sequence. The similarity of these two terms but 
differences in their definitions can lead to confusion. 
Within the professional development program, when teachers were asked to write 
tasks with inductive reasoning components, it was expected that these tasks would 
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involve the students creating their own cases of a given situation, gathering data from 
those cases (often through the measurement of certain angles or line segments), and then 
creating generalizations from that data using inductive reasoning. The case where a 
teacher selected cases for the students, gathered data for the class, or provided the 
generalizations without student input represented an unfaithful use of the inductive 
reasoning component in terms of what the professional development program was 
attempting to promote. 
Summary 
Understanding reasoning and proof is a critical piece of mathematical knowledge, 
and therefore are key pieces of recent standard documents. However, many teachers do 
not understand that using tasks that include an inductive reasoning can help facilitate the 
writing of deductive proofs. Therefore, their teaching only focuses on the final proof 
writing step, which often leads to poor student results and teachers' beliefs that proof 
should be dropped from the curriculum or only used with advanced students. One way 
to address this problem is through the use of professional development programs focused 
on teachers' mathematical knowledge for teaching of proof. This research study will 
examine the effects of a professional development program based on Driscoll and 
colleagues' (2009) model on the teachers' beliefs and teaching practices around proof. 
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CHAPTER II: REVIEW OF THE LITERATURE 
The purpose of this study was to examine the effects of a professional 
development program on in-service geometry teachers ' beliefs about proof and their 
teaching practices when teaching proof tasks. In order to gain insight into the various 
aspects of this study, this chapter presents a review of the relevant mathematics education 
research. In Section I, research on the learning and teaching of proof is presented. In 
Section II, research on professional development programs is described. This includes a 
description ofbest practices in professional development, the role of mathematical 
knowledge for teaching in professional development programs, models for teacher 
change as a result of participation in professional development and how teachers ' beliefs 
are involved in the change process. 
Clarke and Hollingsworth' s (2002) framework was used to explain teacher change 
as a result of participation in the professional development program. The framework 
suggests that change occurs across multiple domains that include teachers' beliefs and 
their teaching practice. Changes in one domain lead to enactments or reflections that lead 
to change in another domain through an iterative process. The professional development 
program in this study attempts to enact this pattern of change by having the participants' 
take part in cycles of mathematical experiences, lesson development and implementation, 
and reflection of student work. These cycles are designed to lead participants to 
continuously reconsider their beliefs and teaching practices around proof and as a result 
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improve their understanding of the proof process, the teaching of proof, and student 
outcomes. 
Section 1: Proof in the Mathematics Classroom 
Researchers assert that proof is at the heart of mathematics and the deductive 
reasoning that it entails is what separates mathematics from empirical science and all 
other forms ofhuman thought (Evans, 2007; Healy & Hoyles, 1998; Herbst et al., 2010). 
A proof is a mathematical argument, a connected sequence of assertions for or against a 
mathematical claim. In the context of a classroom, proof has the following 
I 
characteristics: 
• It uses statements accepted by the classroom community that are true and 
available without further justification. 
• It employs forms of reasoning or modes of argumentation that are valid and 
known to, or within the conceptual reach of the classroom community. 
• It is communicated with forms of expression or modes of argument representation 
that are appropriate and known to, or within the conceptual reach of the classroom 
community. (Stylianides, 2007) 
This definition focuses on the classroom community, and it is important to note that 
though the classroom community consists primarily of students; the teacher has a special 
role within that community. Specifically, the teacher's expertise serves as a bridge 
between the students' mathematical knowledge and the larger world of mathematical 
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common content knowledge. Further, the reference to the classroom community does not 
imply that all students share the same mathematical knowledge but that there is a 
collective knowledge within the classroom that students can use to solve problems. 
(Stylianides, 2007) 
There is not widespread agreement on the form of a proof in the broader 
mathematics community. While there are many formats that a proof can take, there are 
consistent elements that must be included in a proof. Specifically, the writer of a proof 
must first take note of the given information, the mathematical properties that are already 
known or that can be assumed, and what needs to be deduced. The writer must then 
organize the necessary steps that will allow the inference of the conclusions from the 
given information in a clear and coherent sequence of statements following mathematical 
logic. This implies that each step must indicate a logical conclusion based on the steps 
listed previously. (Healy and Hoyles 1998). 
Harel and Sowder (1998) argue that there are three levels within the proof 
hierarchy: deductive proofs, external based proofs, and empirical arguments. Deductive 
proofs which represent the highest level on the proof spectrum are usually the only 
acceptable form of proof within the mathematical community. The term proof is attached 
to the other two levels because students often use such arguments to "prove" their 
assertions. Externally based proofs can be broken into three groupings - ritualistic, 
authoritarian, and symbolic. In a ritualistic proof, a student is convinced of the truth of a 
statement due to the form of the proof and not the content. Authoritative proofs are 
cases where the students accept a statement as true because an external authority such as 
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the teacher or textbook say it is true. When a student is convinced of a proof through 
meaningless symbolic manipulation, it is referred to as a symbolic proof (Housman & 
Porter 2003 ). These cases represent the lowest levels on the proof spectrum (Ellis, 
2007). 
Empirical arguments are arguments based on inconclusive evidence. Empirical 
arguments can be broken into two cases. The first is called inductive arguments and 
involves the student believing a conclusion based on one or more examples (Housman & 
Porter 2003). Inductive arguments are not proofs because they verify truth only from a 
proper subset of all cases covered by a generalization. Proofs, on the other hand, provide 
conclusive evidence by appropriately treating all cases covered by a generalization 
(Stylianides & Stylianides, 2009). The other form of an empirical argument is called a 
perceptual proof and in this case a student makes an argument based on evidence in the 
form of rudimentary mental images that are not supported by deduction (Housman & 
Porter, 2003). Many students and teachers often accept empirical arguments as proof; 
however, this contradicts the conventional understandings of the mathematical 
community. 
While inductive empirical arguments are not considered proofs by 
mathematicians, they are important to the proving process. Specifically, inductive 
empirical arguments help people organize observations and promote insight into how to 
prove generalizations. The level of insight that a person gains from making an empirical 
argument is related to the care with which the person selects their subset of examples. 
Most notably there are two levels of inductive empirical arguments: naive empiricism and 
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crucial experiment empiricism. Naive empiricism is a lower-level argument and involves 
randomly checking examples to see if they provide a counterexample. There is usually 
no apparent methodology to the selection of examples (other than convenience) and this 
level of empiricism offers the least insight. The second level, crucial experiment, 
involves the selection of representative examples in the search for a counterexample. A 
crucial experiment offers more insight than naive empiricism but does not serve as proof 
because it is not clear if the representative examples cover all cases. (Stylianides, 2009) 
It is important to note that mathematicians themselves usually form a deductive 
proof as their fmal step of the proving process and often begin with crucial experiments 
in order to gain insight into the concept they are trying to prove (Sriraman 2004). 
Specifically, mathematicians generate examples for three purposes when completing a 
proof: to build understanding of the meaning of mathematical statements, to generate 
ideas about a how a statement might be proven, and to check for invalid inferences and 
counterexamples. Unfortunately, students often fail to see the use of examples in proof 
writing because they are consistently only told that examples do not constitute proofs. In 
fact, many teachers limit the use of examples when doing deductive proofs because they 
do not want to promote this false conception (Alcock & Knuth, 2010). 
The typical instructional practice of limiting students' use of examples is 
unfortunate. The value of having students use empirical arguments as the initial steps in r 
the deductive process is supported by current research. However, this approach also 
requires further exploration. Iannone et al. (2011) found that students' proofwriting 
ability rose when they worked with examples they either wrote or were given by their 
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teacher. Reid (2011) argues that while the exact relationship between conjecturing based 
on evidence and proving is unclear, Italian researchers have shown that the two processes 
have "cognitive unity" in which students build on what they have learned through 
inductive reasoning to develop deductive proofs. Williams and colleagues (20 11) note 
that cognitive science has shown that people's inductive judgments are based on an 
item's membership status, similarity, and typicality within a group. They argue that in 
mathematics, how students view items either as similar to other members or having 
properties that are typical of that group may help them form inferential understanding and 
develop proofs, but an understanding of how this occurs is lacking. They do, however, 
note that a connection between the strength of empirical arguments and deductive proof 
exists because students who were able to construct deductive proofs used fewer examples 
and varied these examples intentionally whereas students who could not construct proofs 
tested a wider variety of examples in which variation appeared unintentional. 
Recent standards documents emphasize the critical nature of proof in mathematics 
in the K-12 curriculum with a focus on advanced reasoning and formal proofs in the high 
school curriculum. In the Principles and Standards for School Mathematics (NCTM, 
2000), the National Council of Teachers ofMathematics (NCTM) asserts that students 
should see the fundamental importance of reasoning and proving in mathematics and be 
able to develop and evaluate the conjectures and arguments created by themselves and 
others. Specifically, at the high school level, this includes developing students' ability 
to write formal proofs that would be acceptable to mathematicians. The Common Core 
State Standards (2010) emphasizes a similar message. As part ofthe Standards for 
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Mathematical Practice, it is recommended that students learn to construct and evaluate 
arguments with an emphasis on constructing and presenting information in logical chains 
of reasoning. Furthermore, students need to recognize the importance of 
counterexamples. In the high school geometry strand, this standard is specifically 
emphasized because students are expected to be able to prove geometric theorems about 
parallel lines, triangles, and other polygons. 
The Common Core State Standards ' emphasis on proof represents a significant 
change from recommendations in many previous state standards documents. Within the 
geometry strand, proof is included in approximately 24% of the standards while the 
average amongst the states prior to the Common Core State Standards was only 11. 7%. 
In addition, within these standards, many of the states imply that proof is only one 
method of argumentation that could be used. In contrast, the Common Core State 
Standards specifically calls for including the proof in the curriculum and provides 
examples of how to use the proving process and a clearer connection to the specific 
content (Kosko & Herbst, 2011). Since 45 states have adopted the Common Core State 
Standards, this suggests that proof will become an increasingly important focus of the 
curriculum within the upcoming years. 
While the policy documents call for reasoning and proof to be included 
throughout the K-12 curriculum, one area where researchers emphasize the inclusion of 
formal proof is in the high school geometry course. Evans (2007) argues that since 
geometry proofs are based mostly on pictures and diagrams, the course serves as a better 
entry point for most students to formal proofs because they do not have to learn about the 
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process of proving while trying to refine their algebra skills. Research by Baldwin 
(2005) supports this argument; she found that students were only able to complete an 
algebraic proof after they had strong algebraic proficiency. 
Both policy documents and researchers argue that proof should be integrated 
within other mathematical strands including but not limited to geometry (CCSS, 2010, 
NCTM, 2000, & Weber, 2008). However, research points out that in most classrooms 
proof is a standalone topic (Reid, 2011) typically in geometry. The teaching of proof in 
high school courses tends to be highly formulaic and governed by a number of distinct 
norms. One reason for this is the emphasis on the "two column proof" The two column 
format was initially developed to help teachers better handle the challenges they faced as 
increasing numbers of students attended secondary school in the early part of the 20th 
century. This was because it provided teachers with a blueprint that they could give their 
students who were not as mathematically proficient as previous populations of students. 
However, the side effects of using this format were two-fold: proofs no longer resembled 
mathematicians' proofs, and the teaching of proofs focused on the structure rather than 
the content. This emphasis on the structure further deemphasized the importance of 
statements being proved, and highlighted an emphasis on the form and details of proofs 
(Reid, 2011 ). 
This focus on form has led to proof teaching that is very regimented. Herbst and 
colleagues (2010) found that in many classrooms during the completion of proof writing 
tasks, very specific roles were assigned to both teachers and students that governed their 
interactions. Specifically, the teacher was responsible for controlling the proving task by 
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establishing the givens and desired conclusion as well as activating the ideas that would 
be used in the proof through the creation of a diagram. Generally, the given diagram 
suggested the truth of the conclusion even before the proving task had begun. For 
example, if the problem related to proving a quadrilateral was a parallelogram, the 
teacher would draw a parallelogram on the board. The students were responsible for 
producing statements and reasons in the correct order so that there was a logical flow but 
they were not expected to alter the diagram by adding auxiliary lines or angles. In 
addition, often the teacher acted as a gatekeeper by standing next to the board and 
deciding what would be written and how. What is notable about Herbst and colleagues' 
(2010) findings is that many of these norms were tacit norms and that even when teachers 
used what they perceived as multiple approaches to proof writing, these norms 
consistently governed the task and ultimately created little variation. These norms 
described around proof writing occur because they match most teachers' conceptions of 
students' and teachers' roles (Herbst et al, 2010). Many teachers view knowledge as an 
established set of facts and techniques and the teacher's role is the direct transmission of 
this knowledge. The students' job is to absorb this knowledge. Thus, learning is seen as 
only acquiring isolated bits of information (Fonzi & Borasi 2002). 
The emphasis on form over content in the proof writing process has led to 
students developing limited views of what is expected of them in terms of proof In one 
study, Herbst & Brach (2006) interviewed 16 accelerated 8th and 9th grade geometry 
students about their conceptions of the proving process. The students stated that they 
would not be expected to write a proof unless specifically requested by the teacher. 
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Further, they argued that since the emphasis was on the form of the proof, they expected 
to be assigned a proving task on material that was recently covered in class; they were not 
expecting to be held accountable for the conclusions that they developed. They believed 
that their teachers would not ask them to prove something they had not encountered 
previously unless it was an extra credit assignment such as solving a challenge problem. 
In many cases, teaching with the form-driven style of proof writing is 
unsuccessful. Studies by Knuth and colleagues (2010) with middle school students and 
Evans (2007) with geometry students found that even when students were aware of the 
need for a general argument, many lacked the mathematical language and tools to move 
beyond an example based argument and complete a deductive proof Instead, students 
simply listed a chronological account of their actions without making connections. This 
in turn caused teachers to lower their standards as to what they considered as an 
acceptable proof Bieda's (2010) research with middle school students supported this 
claim. She found that over half of all accepted arguments were non-proofs and that a full 
justification of an argument was seen as something 'especially impressive' or something 
only for students who were developmentally ready. This led Bieda to conclude that a 
didactic contract had been formed in which the majority of students were not expected to 
justify their mathematical thinking. Furthermore, teachers in this study explained this 
result by suggesting that if instructional materials do not make it clear what is expected in 
students' answers to proof writing problems, "it is not within the teachers' responsibility 
to ensure that students learn what constitutes acceptable mathematical justification." (p. 
380) 
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McCrone and Martin's (20 1 0) results from their research with geometry classes 
supports Bieda's conclusions. In their study, the researchers observed four high school 
geometry classes over a three month period and had students fill out questionnaires and 
answer interview questions on the role, the generality requirement (the fact that a 
deductive proof covers all cases), and the logical requirements of proofs. They found that 
nearly 70% of the students in three of the four participating classes agreed that an 
empirical argument is valid as long as representative cases were investigated. 
Furthermore, they found that some students believe that a disorganized argument can be 
accepted as a valid proof. Research by Baldwin (2005) supported this finding by 
reporting that many students felt that a proof constituted nothing more than a series of 
steps. These researchers concluded that this occurred because during their observations 
"students' proof attempts were routinely called 'proofs' even if they were only partially 
correct." (p. 213) 
Not only do students have difficulties generating proofs; they also struggle to 
identify correctly written proofs when reading them. Selden & Selden (20 11) found that 
when students were asked to distinguish between correct and incorrect proofs, they were 
only able to do so correctly 46% of the time without assistance from the interviewer. 
One reason for this was that when students analyzed proofs they focused only on specific 
lines instead of examining the logic of the proof on a global level. Further, Inglis & 
Alcock (20 11) noted that when students focused only on specific lines of a proof they 
still failed to note the warrant or specific reasoning that connected the lines; they 
sometimes became sidetracked examining trivial algebraic manipulations. 
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Even when students can complete and recognize formal arguments and proofs, 
they often still fall back to using empirical arguments in the proof process. In 2010, 
Kuchermann and Hoyles performed a longitudinal study where they analyzed students' 
proof writing skills as they advanced from grade 8 to 10. On quantitative tests of 
students' proof writing, they found that the number of correct proofs rose from 48% in 
Grade 8 to 70% in Grade 10. However, during qualitative interviews about the proof 
writing process, even when students gave a correct proof, many felt that further 
numerical checks would increase their confidence in the truth of their proof. In the 
interviews of both urban and suburban high school students, Chazan (1993) found similar 
results. The students were asked to analyze "sample proofs" that included both empirical 
and deductive proofs. A similar percentage of students in both groups (approximately 
30%) asserted that a deductive proof did not provide protection from counterexamples. 
These students suggested that the deductive proof only applied to a specific diagram and 
that it was important to check all special cases. Many of these students demonstrated this 
by drawing multiple examples and then completing the exact same proof several times. 
These results suggest that some students do not understand the idea that a proof 
represents a complete argument for which a counterexample does not exist. 
One reason for this misconception about the meaning of mathematical proof may 
rest in the fact that students often hold two different definitions of proof. In follow-up 
interviews conducted by Kucherman and Hoyles (2010), students suggested they had two 
simultaneously different definitions of proof: one for those arguments that they believe 
would receive the best scores from their teacher (deductive proofs) and one for arguments 
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that they would adopt for themselves (empirical proofs). One possible cause for this 
seemingly contradictory belief is that in the English language, the word ' proof' is used 
colloquially as a synonym for 'evidence' something is true (Chazan & Lueke, 2010). In 
daily life, people use the word 'proof' to mean an informal argumentation based on a 
specific context which may not be completely invalidated by an exception. Students 
often struggle to distinguish between these intuitive arguments and the deduction 
required in a mathematics class. Adding to this confusion is that in science class, 'proof' 
is based on experimental evidence and not deductive logic. Therefore, students who 
believe in the convincing nature of other types of arguments are bringing a viewpoint that 
is relevant in other contexts into a mathematical context where such a viewpoint is 
inappropriate (Chazan & Lueke, 2010). McCrone and Martin (2010) note "perhaps 
because these rules are so different from their everyday language and ways of 
communicating or forming convincing arguments, many students developed ways to 
rationalize apparent contradictions between their intuitive sense making and the rules of 
reasoning in their geometry classrooms" (p. 217). These findings suggest the 
mathematical definition of proof and that the use of the mathematical proving process as 
a way of coming to develop indisputable evidence is not being articulated to students. 
The form-driven method of teaching proofs has also created a disconnect between 
teachers' methods and mathematicians' views on proving activities (Weber, 2008). 
While most classrooms teachers view creating a proof as equivalent to the formal writing 
process, for mathematicians doing a proof and writing a proof are two different but 
important activities. While actually writing a proof requires a focus on rigor and 
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precision, the creation of a proof requires problem solving skills and is not as linear a 
process as the final product implies. In addition, for a mathematician, the actual writing 
of the proof is a final step that is largely ignored during the idea generating phase 
(Farrell, 1987). This has led Cirillo (2009) to conclude that more than anything the proof 
process most closely resembles problem solving and that it simply cannot be 
proceduralized. She argues that the best way to prepare students for the proving process 
is to ensure that they have a lot of prior problem solving experience. Evans (2007) 
concurs with this point by arguing that students should be encouraged to do a lot of rough 
drafting, sketching, and experimenting before they attempt to consolidate their work into 
a formal proof In addition, Sriraman (2004) found that when students attempted proofs 
on their own, their process paralleled that of mathematicians because it was filled with 
conjectures, counterexamples, reversals of thinking, and moments when the students had 
to put the proof aside and return to it after a lot of thought. Further, he found that when 
these students were immediately forced into a deductive format, they lost their 
willingness to use intuition in the proving process. 
Teaching methods have also contributed to a significant divide between teachers 
and mathematicians in terms of their goals for proving activities. In a study of university 
mathematicians' conceptions of proof, Weber (2008) interviewed eight participants who 
were active researchers but within their first five years as a faculty member. The 
participants were asked to analyze number theory proofs and discuss their thought 
processes. A key finding was that "all eight emphatically claimed they were trying to 
get something more out of a proof beyond ascertaining the proofs validity" (p. 449). 
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The participants noted they were always trying to gain some new insight when 
performing a proof writing activity and that checking for validity was secondary. As a 
result, these mathematicians first took a broad view of the proof by examining the 
structure of the argument and noting what assumptions were being used before doing a 
line by line review. Hersh (2010) argues that for a mathematician, proof is critical 
because it provides a convincing argument that provides insight to all who understand the 
key concept; proof writing is careful, critical reasoning that looks for gaps in logic and 
exceptions to the ideas being presented. These findings led Weber to conclude that 
"content free" proof classes (teaching that focused only on form with deliberately shallow 
content) were inappropriate in reaching the desired goal of gaining insight from a proving 
activity. 
High school teachers' conceptions of proof and its role in instruction are quite 
different from mathematicians. In two studies, Knuth (2002a, 2002b) interviewed sixteen 
teachers committed to reform in mathematics and who wanted to make their classes more 
closely align with the NCTM standards documents. The participants ranged from having 
three to twenty years of teaching experience and taught courses from seventh grade 
mathematics through AP Calculus. He first questioned teachers about their conceptions 
ofproofby having them write proofs and analyze student work. Then, he asked teachers 
about their beliefs about the role of proof in secondary education. While Knuth notes that 
mathematicians are interested in proof writing for several reasons including verifying that 
a statement is true, explaining why a statement is true, and communicating mathematical 
knowledge, he found teachers suggested that the only roles of proof in mathematics was 
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to teach logical argumentation and establish the truth of a statement. In fact, there were 
no comments that suggested that teachers viewed the promotion of understanding or 
insight as a role of proof in the secondary classroom. Further, when asked to examine 
student proofs, the mathematics teachers tended to focus on a line by line analysis of the 
algebraic manipulations rather than examining the proof as a whole. This led some 
teachers to accept invalid proofs which proved the converse (or opposite of the desired) 
result. Thus, while teachers espoused the importance of using proof to establish the 
validity of statements, the focus on form actually weakened their ability to meet this goal. 
In conclusion, combing Knuth's and Weber' s findings, there are sizable differences 
between mathematicians and teachers in terms of the methods used and goals held for 
proof writing. 
Teachers' conceptions of what it means to "do authentic mathematics" vary and 
may influence how they view proof and the proof writing process. In a study in which 
26 teachers reacted to a case study on teachers ' use of a two column proof in instruction, 
Weiss, Herbst, and Chen (2007) concluded that there are several different interpretations 
of what teachers believe it means to do authentic mathematics - two of which affect the 
way proof writing is taught. One of these interpretations suggests that authentic 
mathematics should maintain the structure and content of the discipline. This is the 
interpretation that can lead to the form-driven teaching of proofs. In Weiss, Herbst, and 
Chen' s (2007) study, teachers who held this view of mathematics objected to when a 
teacher allowed a student to temporarily skip a reason during the completion of a two 
column proof. Another interpretation of authentic mathematics in classrooms is that the 
30 
work should reflect the work of mathematicians, and consequently math teachers should 
initiate students into the practices and habits of mathematicians. This practice includes 
encouraging students to not view mathematical development linearly but rather as the 
zigzag path that mathematicians use in the proof development process. Teachers in the 
study with this view of authentic mathematics praised the teacher for allowing the student 
to skip a reasoning step because they felt it more accurately represented the work of a 
mathematician and a real-world conception of a proof. These teachers also appreciated 
the way the two column proof left it visible to the student that his work was not complete. 
Based on research in learning science, this second view of authentic mathematics more 
closely aligns with the views that will improve students' proof writing abilities because it 
allows for the conjecturing, experimenting, and drafting that leads to mathematical 
insight. For students to learn and understand the proof writing process, Weiss, Herbst, 
and Chen's (2010) suggest that there first needs to be a shift in how teacher' s view 
authentic mathematics. 
The need for teachers to reconsider the role of proof in instruction and the proof 
writing process is well established; how to assist teachers in making these changes is not 
as well developed. However, some research does provide insights into steps that could 
be taken to begin the process. Using a convenient sample of pre-algebra 7th grade 
students, Ellis (2007) examined proof writing around problems involving ratios and 
proportions. She found that when students attempted to justify their generalizations, 
they often revisited them, refined them, and made them stronger as they gained new 
insight through experimentation. To facilitate these cycles of learning, she found that the 
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teacher's role was to select appropriate tasks and ask guiding questions. These questions 
were used to shift the focus of the discussion in the appropriate direction and encourage 
the promotion of effective generalizations and discussion. Bremigan (2004) found 
similar results regarding the teacher's role when examining the work of Algebra 1 
students. In this study, students explored a series of consecutive number sum problems 
with only minimal teacher guidance in the form of asking focused questions. Bremigan 
found that when students created proofs with minimal guidance, they were able to arrive 
at conclusions and they also gained both confidence and understanding. Providing this 
minimal but necessary guidance requires a special skill set from the teacher. Specifically, 
it requires the teacher to have a sense of "knowing-in-action" that allows a teacher to 
know when to let students struggle and when to shift and capitalize on opportunities that 
emerge from student arguments (McCrone & Martin, 2010). With a shift in the role of a 
teacher, proof writing can take more of the form that mathematicians expect. 
Another recommendation geared toward improving proof teaching is to have 
students complete formal proofs verbally before they begin the writing process. This 
technique is especially useful for novices. Evans (2007) argues that having students first 
complete proofs verbally allows students to share their collective knowledge and 
complete tasks that might initially be beyond their ability. Tabach and colleagues (2010) 
support this argument by citing the fact that verbal reasoning develops for students before 
symbolic reasoning; verbal proof may serve as a gateway for developing the proving 
process. However, Tabach and colleagues (2010) also note that over half of the 50 
teachers they interviewed about verbal proofs rejected them citing them as lacking 
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generality before even examining the content of the proofs suggesting that the value of 
verbal proofs is not widely accepted. 
While the direct teaching of deductive proofs using effective methods is 
important, Styliandes (2009) argues that teachers also need to directly confront students 
as to why empirical arguments are insufficient. In his writing, he concludes that this is 
possible by having students work through or the teacher present problems in which the 
counterexample is not intuitively or immediately obvious. Examples of this are 
problems where the counterexample cannot be found until a large number of cases are 
examined. Further, he contends that showing the weakness ofproofby example is 
insufficient on its own and should immediately be followed by uses of deductive proof. 
Using all of this information, several researchers have focused on how to improve 
the teaching of proof. Reid and Zack (2010) identified five aspects of teaching that help 
facilitate the proof process: problem solving, sufficient time, conjecturing, expectations, 
and expertise. They suggest that at the beginning of the proving process, students need 
experiences using common problem solving techniques such as making organized tables, 
using diagrams, and searching for patterns and then using these to make conjectures. 
Further, they noted that this process requires a lengthy time commitment with some tasks 
requiring up to four hours of work over several days including whole class discussions 
and reflections. To create an environment that promotes these features, a teacher must 
expect that all students are capable and will perform the proving tasks and have the 
expertise to seize on fruitful avenues of student thinking and opportunities to provoke 
discussion. 
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One way this expertise of helping students can be developed is addressed by what 
Smith and Stein (20 11) refer to as the five practices for orchestrating classroom 
discourse: anticipating, monitoring, selecting, sequencing, and connecting. Anticipating 
is one of the key steps necessary for developing the expertise necessary for facilitating a 
proving task because it requires a teacher to go beyond simply selecting a problem but 
also to consider a variety of possible student responses and misconceptions that the 
problem might create. This benefits a teacher because it allows him or her to be able to 
respond productively to student thinking rather than simply trying to determine whether 
or not a students' thinking is flawed. Being able to spontaneously respond to students' 
ideas and take advantage of teachable moments requires a teacher to have an 
understanding of both the key mathematical ideas, the typical ways in which students 
consider those ideas, and the ability to balance valuing students ' individual constructions 
and guiding them toward a shared understanding of the principles of the domain of 
mathematics (Goldsmith & Schifter, 1997). This knowledge and preparation in turn leads 
to successfully monitoring and selecting of appropriate work for whole class discussion 
because while students are working the teacher is free to ask critical questions that help 
students clarify their thinking and to press students to consider aspects of the task to 
which they need to attend (Smith and Stein, 2011). Smith and Stein (20 11) also assert 
that not only is it important to select appropriate work that emphasizes the mathematical 
goals of the activity, but it is also critical that these activities are sequenced and 
connected to create a coherent story line that arrives at the key mathematical idea or 
deductive proof that is desired. Being able to carefully consider what students actually 
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understand and what is only at a superficial or procedural level enables teachers to 
structure activities and discussions so students can develop firm and flexible 
understandings (Goldsmith & Schifter, 1997). 
The successful completion of proof tasks also depends on the quality of the 
discussions that students have. Research suggests that this requires the use of 
"transactive prompts" in which the teacher repeatedly asks for clarifications, 
explanations, criticisms, and elaborations of other student's thinking and "facilitative 
prompts" in which the teacher repeats or rephrases what a student has said to tacitly 
support the direction of a student's thinking. Using such prompts helps the teacher avoid 
proceduralizing the proof writing tasks and changes the learners from passive to active 
participants in the process. This in tum leads to a negotiation between students in which 
they challenge one another's thinking. In addition, this approach also gives students 
ownership over both the knowledge and process that led to its constructions. Finally, 
these prompts and the ensuing discussions encourage students to learn that definitions 
and theorems need to be questioned and explored before they can used as the building 
blocks ofproof(Stylianou & Blanton, 2011, Blanton et al., 2010) 
Section ll: Professional Development 
Professional development is continuing education designed to lead to the 
advancement of skills or expertise necessary to succeed as a teacher. The primary goal 
of professional development programs is to improve the teaching and as a consequence 
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the learning that occurs in classrooms. Professional development is necessary because 
there is a disconnect between recent reform efforts and the current practices in many 
classrooms (Loucks-Horsley et al., 2003). These reform efforts have focused on the 
recognition that all students have the ability to learn, can learn more than just procedural 
knowledge, and that this can be accomplished even with an increasingly diverse student 
population (Sowder, 2007). 
This commitment to providing high quality education has placed increased 
demands on teachers. Yet many teachers cannot meet these demands because their 
practices do not enact these ideals. Most teachers teach in the way that they were taught 
which means they primarily use teacher led presentations that focus on procedures and 
memorization. These are not the practices that research suggests are the most effective 
in terms of student learning (NCTM, 2009), and teaching will not change unless schools 
become places where teachers learn to improve their craft (Hawley & Valli, 1999). One 
might hope that improved teaching practices will result when a new generation of 
teachers enters the field. Yet, even within the best pre-service programs, four years is 
not enough time to adequately prepare teachers for the challenges they face. In 
mathematics education, this problem is especially acute because many future teachers 
enter their pre-service programs with little knowledge about the nature of mathematics. 
These beginning scholars tend to be knowledgeable in rules and procedures but they do 
not understand many key concepts that form the basis of the high school geometry 
curriculum. Furthermore, they have not had opportunities to develop their reasoning 
skills. Unfortunately, by the end of their undergraduate experience, many future teachers 
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still lack enough understanding to be able to effectively teach reasoning and proof to their 
own geometry students (Sowder, 2007). Both new and practicing teachers require 
continuing education through professional development programs if they are going enact 
the demands of reform efforts. 
There is agreement in the literature on some of the key elements that must be 
included in the design of a professional development program in order to help teachers 
meet the demands they face. First, a professional development program should be built 
around a small number of very specific goals that are attainable and measureable 
(Loucks-Horsley, 2003). The primary goal of this professional development is having 
participants recognize that by including the gathering of data and forming of 
generalization from that data using inductive reasoning, students are better prepared to 
write deductive proofs. In order to accomplish its goals, the professional development 
program must be sustained over time and focus on deepening teachers' knowledge of 
content and how to teach it to students. Research by Bell and colleagues (2010) and the 
Council of Chief State School Officers (2009) suggests that the best models for 
professional development programs involve a minimum of twenty hours sustained over 
several months. A long and sustained professional development program is necessary 
because teachers need a lot of support to enact the new ideas that are being presented to 
them (Fonzi & Borasi, 2002). In order to deepen teachers' knowledge of content, the 
professional development program should engage teachers as adult learners using the 
same instructional approaches they will use with their students. This, in turn, will provide 
the participants with insight into the ways that students learn. This implies that within a 
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professional development program, the participants should be active and hands-on 
learners. In addition, a professional development program should focus on new teaching 
practices and should include time for the participants to practice new methodologies in 
their classrooms and reflect on them in subsequent sessions (Darling-Hammond & 
Richardson, 2009 and Cobb & Jackson, 2011) .. 
In order to account for all the features of high quality professional development, 
Loukes-Horsley et al (1998) propose a framework for designing a professional 
development program. They recommend that the facilitators begin with existing 
knowledge about teacher change and teaching. Next, the facilitator must consider the 
context under which the professional development is occurring and establish goals that 
will be feasible within in that context. Finally, taking into account both the context and 
existing strategies around professional development, the facilitator can create the 
professional development plan. 
What is concerning is that these features of professional development programs 
are generally not being used in the United States The most frequently used program is 
one that focuses only on teaching techniques or practices devoid of content (e.g. group 
work). These programs often do not connect to the curriculum used and expect teachers 
to enact the ideas presented without collaboration, feedback, and reflection with their 
colleagues. Furthermore, these programs are not programs at all but rather one-time 
workshops that do nothing to ensure long-term learning (Darling-Hammond & 
Richardson, 2009). Most often these workshops are conducted as part of a full day 
program , on a topic selected by the school administration, and presented by an outsider 
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who is not fully aware of the issues facing the audience he or she is addressing 
(Sandholdz, 2002). 
Not only are the opportunities for quality professional development in 
mathematics limited but Wei, Darling-Hammond, and Adamson (2010) found an overall 
decline in the number of professional development opportunities for teachers since 2004. 
Their fmdings show that United States teachers have far fewer opportunities to engage in 
extended learning and productive collaboration than their international colleagues. On 
average, United States teachers have only an average of2.7 hours per week of productive 
collaborative time with higher amounts in elementary school than at the secondary levels. 
(Wei et al, 2010). Most teachers report that professional development has the potential 
to help them but believe it needs to be redesigned to apply more directly to their specific 
instructional needs (Sandholdz, 2002). 
A professional development program can use one of several methods for 
developing change in teachers' knowledge, beliefs, and practice. The professional 
development program in this study will attempt this change by focusing on the 
development of teachers' mathematical knowledge for teaching (MKT) around proof. 
According to the work of Ball and colleagues (2008), MKT can be divided into two 
pieces that influence effective teaching: subject matter knowledge or content knowledge 
and pedagogical content knowledge. They have further subdivided content knowledge 
into common content knowledge and specialized content knowledge. Common content 
knowledge (CCK) is the mathematical knowledge and skills that are used in professional 
settings other than just teaching. While most teachers have gained CCK through their 
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own education, it is still critical to have CCK be a focus of professional development 
program. This is because many teachers "know" how to solve a problem because they 
remember how to do a procedure or algorithm but have gaps in their knowledge over why 
the procedure works which means their actual knowledge or understanding is limited and 
only partial (Kazemi et al. 2009). The second form of content knowledge is specialized 
content knowledge (SCK) which is the mathematical knowledge and skills specifically 
needed by teachers. This is the ability to unpack key mathematical ideas; this skill set is 
not necessary outside of the teaching profession. It includes the ability to analyze the 
varied ways a mathematical task can be solved, the reasoning used to arrive at both 
correct and incorrect solutions, and the connections between mathematical solutions 
(Kazemi et al. 2009) 
Pedagogical content knowledge (PCK) is the other piece ofMKT. PCK can be 
subdivided into knowledge of content and students (KCS) and knowledge of content and 
teaching (KCT). KCS is knowledge that combines knowing about students and 
mathematics by anticipating how students are likely to think about a particular 
mathematical topic and what are the common misconceptions they are likely to develop. 
It entails the ability to not only recognizing a student error but also the nimbleness to size 
up the causes of the error and the methods to correct it (Ballet al., 2008). KCT is 
knowing about teaching and mathematics and involves teachers' ability to evaluate the 
advantages and disadvantages of different models and representations used to teach a 
specific concept or skill. It also includes a teacher identifying how different methods or 
procedures can benefit or harm instruction (Ball et al. 2008). 
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Three methodologies that can be used to develop aspects of teachers' MKT 
through professional development programs are 1) doing mathematics as a learner; 2) 
shared lesson planning and implementation, and 3) the analysis of student work. To 
develop SCK, it is important that participants be able to engage in mathematics as a 
learner. Research suggests that teachers' views and understanding of mathematics is 
most often formed by their own experiences in traditional classrooms (Fonzi & Borasi, 
2002). In the area of proof, this often causes teachers to only understand the structure of 
a two-column proof and not the inductive reasoning and formation of generalizations that 
guide proof writing. Before classroom teachers are ready to enact new teaching 
practices, they must first have personal experiences that develop a new understanding of 
the mathematics. Fonzi & Borasi (2002) note that to develop this mathematical 
understanding, a cyclical process must occur. First, the participants must actively engage 
in mathematically challenging tasks. Second the participants must be given an 
opportunity to reflect on their learning and come to consensus on the big ideas from the 
learning experience. After this reflection, participants are often ready for a new cycle of 
experiences to increase their mathematical understanding or are ready to examine how to 
implement similar mathematical ideas in their classroom. In fact one of the main benefits 
of a mathematical experience is that after creating a new understanding of mathematics 
for the participants, it can inspire them to examine how they can create similar 
mathematical thinking in their students. 
The second methodology that develops teachers' KCT is shared lesson planning 
and implementation. When co-developing lesson plans in a professional development 
41 
forum, teachers are exposed to different resources and are able to share their ideas. This 
opens up the possibility of increasing and deepening not only their own KCT but also the 
collective KCT within the department (Fickel, 2005). This deepening ofKCT through 
lesson development is further enhanced if teachers then implement these lessons in their 
courses and reflect on the results. Teachers realize the benefits of a new practice when 
their students exhibit new and deeper learning. This affects their beliefs about the new 
practice in a positive way and they become interested in learning more about the desired 
teaching practice (Loucks-Horsley, 2003). 
KCS can be improved through the analysis of student work. This is especially 
effective when it is done on lessons that the professional development participants have 
created. Through a careful analysis of student work, teachers can gain insights into what 
their students are thinking and how students are making sense of key concepts. This in 
tum allows teachers to reflect on their teaching practices to address students' knowledge; 
they might reconsider what representations or models they should use to illuminate a 
specific topic (Fickel, 2005). 
While there is limited research around using these three approaches in 
professional development programs focused on proofs, research has shown them to be 
effective in changing practice in the areas of geometry and reasoning. Driscoll and 
colleagues (2009) developed a professional development program called "Fostering 
Geometric Thinking" in which the researchers attempted to develop teachers' geometric 
habits of mind. These researchers defmed geometric habits of mind to include 
generalizing geometric ideas and balancing exploration with reflection. Both are key 
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ideas when working with the inductive methods that lead to formal proof writing. Their 
professional development workshops were run in cycles of doing and then reflecting on 
mathematical tasks, writing mathematical tasks, and collecting and analyzing student 
work. Results from the study of their professional development program suggest that 
teachers who went through the program had a better lens through which to interpret 
students' emerging mathematical ideas and were better equipped to highlight important 
features of the geometry problems by asking strategic questions rather than telling their 
students how to solve the problems (Driscoll, 2009). 
Analysis of student work also has been used in other professional development 
programs. Krebs (2005) studied a professional development program in which teachers 
analyzed the work of students attempting to find patterns, create generalizations, and then 
provide justifications for those generalizations. The results of Krebs (2005) study 
suggested that the analysis of student work by teachers was critically important. This 
method revealed students' mathematical understanding, strengthened teachers' 
understanding of mathematical connections, and was catalyst for the teachers to discuss 
how to enhance instruction and assessment. By the end of this particular study, teachers 
had begun developing methods to guide students from their pattern identification towards 
generalization. Importantly, Krebs (2005) notes that this work is only possible with the 
use of high quality tasks because low quality tasks reveal little about student thinking. 
Equally important is the selection of appropriate samples of student work. Often the 
most effective are the ones that show multiple solution methods, alternative solution 
methods, or partially correct work. Thus, it is suggested that facilitators work with 
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teachers to ensure they bring diverse examples of student work that represent students 
who are struggling, show unusual techniques, or present solutions that represent the class 
as a whole (Loucks-Horsley, 2003). 
In the professional development program in this study, all three methodologies 
will be used to attempt to increase teachers' understanding of the importance of using 
inductive reasoning components in proof tasks and as a result improve the teaching of 
proof tasks. Mathematical experiences will be used to increase teacher's SCK in the 
area of proof Many teachers do not understand the role of proof beyond teaching 
argumentation skills or know the term inductive reasoning and how it can be used to aid 
in the proof writing process (Knuth 2002a, 2002b ). In fact, many teachers struggle to 
differentiate between the term inductive reasoning and proof by induction. In the 
professional development program, the participants will be confronted by experiences 
that challenge these gaps and misunderstandings by having them work through 
mathematical proof tasks As a consequence of not understanding the proof process, 
most teachers also do not understand the best methods for teaching proof. Many 
teachers focus only on the form of the proof and do not consider the best ways to teach 
the content (Herbst et al, 2010). In this professional development, the creation and 
implementation oflessons will be used to increase the participants' KCT. This lesson 
development will focus on showing the participants the importance of including inductive 
reasoning components within proof tasks to motivate students and provide insight into the 
writing of the formal proof. Finally, to increase participants KCS, analysis of student 
work will be done following each round of lesson development and implementation with 
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a focus on identifying the type of thinking that students use and the types of 
misconceptions that occur when doing a proof task with an inductive reasoning 
component. 
Teacher Change 
Determining the effectiveness of a professional development program depends on 
noting the changes in teachers' knowledge, beliefs, and teaching practices. Models for 
how teacher change occurs have been evolving over time. Early models suggest that 
teachers' beliefs must be altered first before teachers can implement changes in practice 
that lead to positive student outcomes (Ball, 1990, Cohen, 1990, Wilson, 1990). Another 
early model suggests that teachers can adopt new practices first and that changes in their 
beliefs will occur as result of positive student outcomes from these practices (Gusky, 
1986). Work by Clark and Hollingsworth (2002) suggests that both of these types of 
models have some validity but that they are not complex enough to describe all the ways 
that change can occur. Rather, Clarke and Hollingsworth (2002) suggest that change 
occurs through a cyclical process across multiple domains rather than in a linear fashion. 
In the Clarke and Hollingsworth (2002) model, called the Interconnected 
Connected Growth Model, change can occur in four domains (see Figure 2.2.1 ). The four 
domains are the External Source (often the professional development program), 
Professional Experimentation (teachers' teaching practices), Personal Domain (Teachers' 
knowledge and beliefs), and the Salient Outcomes (Student outcomes). According to the 
model, change in one domain can lead to change in another domain through a mediating 
action either called an "enactment" or a "reflection." Enactments occur when teachers 
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act on their knowledge, beliefs, or teaching practices to create change in another domain. 
The term enactment is used instead ofthe term acting because each enactment represents 
an action based on something the teacher already knows or believes (Justi & Driel, 2005). 
Figure 2.2.1: Clarke and Hollingsworth (2002) The Interconnected Growth Model 
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Within the model, Clarke and Hollingsworth (2002) argue that two sequences of 
change can occur. In the first, a single enactment or reflection on one domain causes 
change in another domain. This is referred as a change sequence or superficial change. 
This is because such a single, linear occurrence is unlike to result in lasting change to a 
teachers ' knowledge, beliefs or teaching practice. When multiple enactments and 
reflections occur across multiple domains - often in a cyclic pattern - this is referred to as 
46 
a growth network. Such networks are more likely to produce lasting levels of change in 
the teacher's knowledge, beliefs, and teaching practice because they require more time, 
reflection, and conscience choice of actions. 
The Interconnected Growth Model (Clarke & Hollingsworth, 2008) suggests that 
a professional development program can lead directly to changes in a teacher's practices 
through enactment of the ideas from the program. Or the program can lead to changes in 
beliefs through teachers' reflections on the professional development. As a result, the 
Interconnected Growth Model incorportates many of the ideas from earlier models of 
teacher change. The model also suggests that the development of beliefs and teaching 
practices can be a cyclic process in which reflection on practice can lead to changes in 
beliefs which in turn can lead to enacting new teaching practices. Thus this model 
suggests that development of beliefs and practices can be a lengthy process that takes 
time, experimentation, and analysis to complete. 
While it is important that a professional development program focus on changing 
teachers' practice, it is also important that it focus on changing teachers' beliefs. If 
beliefs about teaching are not also changed, teachers will continue to use instruction 
similar to their previous teaching practices (Clarke, 1994). Without a change in beliefs, 
teachers often integrate a few new tasks that they learned in a professional development 
program into instruction but they do not change their general teaching practices. It is 
only with a change in beliefs about teaching that teachers will fully integrate practices 
that support effective student learning (Swan 2007). 
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Beliefs are the "psychologically held understandings, premises, or proposition 
about the world that are thought to be true" (Phillip, p. 259, 2006). Beliefs may be 
thought to be true in varying degrees but the believer does not see himself as having a 
choice in the belief. It is true or not, whether he or she wants it to be. For example, 
Skemp ( 1976) notes that a teacher might hold the belief that the term 'understanding' 
means "the possession of a rule and the ability to use it." Skemp ( 1976) argues that this 
teacher would not feel that he or she wanted to believe or not believe this defmition-
rather, he or she would see it as simply a true statement. Beliefs are important because 
they are the lens that affects one's view of the world and creates a disposition to certain 
actions (Phillip, 2006). Specifically, a teacher's beliefs are the lens through which they 
evaluate the success or failure of a classroom activity and how they choose to implement 
key ideas. In Skemp's (1976) example, the teacher believing that 'understanding' meant 
"the possession of a rule and the ability to use it" would consider their students ability to 
use the formula A = 1 x w to correctly find the area of a rectangle as having 
'understanding.' This teacher would not focus on whether or not that student could 
explain the meaning behind the rule. Conversely, another teacher with an interpretation 
of 'understanding' that focused on reasoning and communication would have a very 
different goal in their instruction. For this reason, examining and changing teachers' 
beliefs is a key component of any professional development program. Enhancing 
teaching can not only be accomplished by only giving teachers' high quality-tasks. 
People's beliefs are linked to the social situations they experience. For most 
mathematics teachers, the most important experiences are the way they were taught as 
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students. These prior teaching experiences continue to shape teachers' beliefs, and 
practices until they are confronted or challenged (Fickel, 2005). Therefore, in order to 
change teachers' beliefs about learning and teaching, their current beliefs must be 
confronted and challenged directly through a new set of experiences (Hawley and Valli, 
1999). A professional development program can provide a field or site where ones 
beliefs are examined and new cultural or social structures are built. Teachers and 
professional development leaders each bring their own collections of knowledge and 
beliefs that guide their decision making process with them to a professional development 
program. Within the program a negotiation occurs toward what counts as the key 
knowledge, experiences, and connections within the field of study. It is through this 
negotiation that teachers, both consciously and unconsciously decide which ideas and 
resources they will take from the professional education experience back to schools and 
classrooms. If the program affords teachers the opportunity to explore new resources 
and ideas that are not part of a teachers' current repertoire, these experiences can expand 
a teacher's pedagogical options and beliefs (Milne, 2006). However, teachers' agency or 
ability to act is not just affected by the professional development program but by 
numerous influences including the teachers' prior beliefs and school environment so 
there is no guarantee that the professional development program will lead to the 
outcomes the designers envisioned. Swan (2007) reports that a professional 
development program can have three levels of effect on teacher's beliefs. First, the 
professional development program may have little effect on teacher's beliefs and may 
lead to teachers only using mutated versions of the teaching practices presented that more 
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closely align with their own beliefs. Second, a professional development program may 
serve as confirmation of preexisting ideas held by teachers. In this case, teachers may 
continue to use their prior practices or they may act on ideas that were previously counter 
to the prevailing ideas in their environment because of the confirmation the professional 
development program has provided. Finally, the professional development program may 
provide sufficient resources to teachers for them suspend their doubts about and 
incorporate new ways of thinking (Swan 2007). 
For professional development program to have the greatest chance of changing 
teachers' beliefs, the professional development program must focus consistently on key 
ideas so that the ideas can become deeply ingrained habits of behavior, feeling, and 
thought of teachers. This is partly because the development of beliefs and practice are 
generative and it is only through constant exposure that teachers begin to fully utilize the 
knowledge, experiences, and resources presented to them (Milne, 2006). Elmore 
(2002a) lays out a number of elements that a professional development program must use 
to make this possible. 
First and foremost, before any planning can begin, Elmore (2002a) notes the 
designers must have a vision of what the professional development program will 
accomplish. The vision must be built around a small number of well-articulated, 
attainable goals. This vision must be supported by data about student learning. These 
may come from multiple sources and examine gaps that exist between different 
demographic groups. Additionally, the goals must be supported by current research 
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about teaching. Once the vision and goals are in place, the facilitator can plan the 
professional development program. 
Elmore (2002a) notes that the planning of a professional development program 
must account for the fact that change is a gradual, difficult, and often painful process. 
This is because a key step in the change process is first confronting teachers with new 
ideas and teaching methods. This has the potential to create a level of cognitive 
dissonance within teachers so that they begin to question their own beliefs and practices 
in light of new information or experiences related to students, the content, or learning in 
general (Thompson and Zeuli, 1999). Because of this dissonance, early in the 
professional development program, many teachers are likely to have one foot in two 
conflicting paradigms and are likely to continue to use many structures and habits that are 
based on an old paradigm and are inconsistent with new goals (Gusky 1986). Thus a 
professional development program must be sustained over time because if it is not, 
teachers will most likely resolve their conflicting feelings by returning to their old 
practices. 
In order to resolve the conflicts teachers feel between their old beliefs and the new 
ones that the professional development program is trying to promote, Elmore (2002a) 
recommends several steps. First, he argues that a professional development program 
must model the desired instructional approaches to project a clear vision of the desired 
changes. In Driscoll's professional development program (2009) model, this can be 
found in the doing and then reflecting on mathematical tasks that demonstrate 
generalizing geometric ideas and balancing exploration with reflection. Kazemi and 
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colleagues (2009) note the reflecting on mathematical tasks requires that there be social 
norms established in the professional development program that support effective 
collaboration as well as sociomathematical norms that require teachers to confront the 
key mathematical and pedagogical ideas of the task so that beliefs about practice can be 
directly confronted and resolved. Establishing these norms in a professional 
development program requires a skilled facilitator who is not only strong mathematically 
but who is also able to model an innovative teaching practice effectively and guide the 
appropriate reflection (Kazemi et al, 2009). 
Elmore (2002a) also notes that changes' in teachers' beliefs about teaching and 
learning derive largely from classroom practice. Therefore changes will likely follow the 
opportunity to validate the information provided from the professional development 
program through positive student results. Gusky (1986) concurs by stating that any 
significant changes in practice are only likely to occur after changes in student outcomes 
are evident or once teachers have "field tested" the change proposal in their classrooms 
and experienced firsthand the improved student results. Therefore, Elmore (2002a) 
asserts that teachers must have the opportunity to try small samples of a new pedagogy or 
methodology in their classes before they are asked to adopt any large changes. In many 
ways, asking teachers to make significant changes in their practice is also initially asking 
them to make their lives more problematic and the greatest danger is that if they are not 
ready for transition, they will end up in a dualistic position which makes them ineffective 
(Cooney & Shealy, 1997). 
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Finally, Elmore (2002a) argues that, while implementing changes in practice 
within their classroom, participants should have the opportunity to share and reflect on 
their successes and failures. Weissglass (1994) refers to this as developing and 
maintaining mutual support networks for teachers. Without emotional support, teachers 
who are trying to change their practice may feel inadequate after years of feeling 
successful as teachers (Fonzi & Borasi, 2002). Weissglass (1994) notes that teachers are 
already experiencing a large amount of stress which makes having them consider change 
to be difficult. Further, he notes that teachers ultimately control what occurs in their 
classroom, and without the proper support, they will drop out and nothing will change. 
Often teachers find the mutual support they received the most valuable part of the 
professional development program because they felt that the formal and informal 
interactions they had with fellow teachers had the most profound impact on their teaching 
(Sandholdz, 2002). 
This study will contribute to the existing literature by examining whether a 
professional development program that focuses on including inductive reasoning 
components in proof tasks effects participants' beliefs on the importance of teaching 
proofs and their beliefs about students' ability to complete prooftasks. It will also 
examine if participation in the professional development program leads to changes in the 
participants' teaching practices and how these changes in beliefs and teaching practices 
are related through the Interconnected Growth Model (Clarke & Hollingsworth, 2002). 
To attempt accomplish its goal, this professional development program was built around 
the existing literatures recommendations for best practices in professional development. 
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Specifically, it incorporated three models (mathematical experiences, lesson development 
and implementation, and examining student work) to address participants' knowledge of 
components of mathematics for teaching (specifically, SCK, KCT, and KCS). 
Summary 
The use of proof in high school, and specifically in geometry, has been a focus of 
recent standards documents including the Common Core State Standards (2010). 
However, current practices around the teaching of proof have been highly formulaic and 
focused on the process of writing a proof rather than the mathematical insight that it 
develops. In contrast, mathematicians view proof as a problem-solving process in which 
the writing of the final proof is the last step in the process; the most important benefit is 
the insight gained. The emphasis on the form of a proof has led to poor student results 
because many students are allowed to only write incomplete arguments and those who do 
write complete deductive proofs are often unable to explain why these proofs are more 
powerful than empirical examples. A possible way to change these results is through the 
creation of a professional development program that focuses on including an inductive 
component in proof tasks. 
Professional development is continuing teacher education and is a critical element 
of education because many teachers are unprepared to enact the new standards that are 
have been adopted. For professional development to be effective, it must directly 
confront, challenge and change teachers ' beliefs while at the same time enacting new 
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practices. The professional development program in this study will attempt to change 
the way that the participants teach proof through the use of mathematical experiences, 
lesson development and implementation, and the analysis of student work. An 
examination of whether the professional development program accomplished this goal 
will be done through use of the Interconnected Growth Model (Clarke & Hollingsworth, 
2002). This study will contribute to the literature by describing how a professional 
development program might change the way the teachers view and perform the teaching 
of proof tasks. 
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CHAPTERDI:METHODSANDPROCEDURES 
The purpose of this study was to describe the effects of a professional 
development program on in-service geometry teachers' teaching of proofs. The 
professional development program consisted of a 20-hour course divided into ten 
sessions that focused on the learning and teaching of proof. The study specifically 
examined participants' beliefs about the teaching of proof, their methods of teaching 
proof in geometry classes, and the interaction between the two. The results of this study 
are presented through case studies of two of the participants. Qualitative data for this 
case study were collected from interviews, transcripts of the professional development 
program, and observations of the case study participants' classrooms. Data were then 
mapped onto the Interconnected Growth Model (Clarke and Hollingsworth 2002) to 
explain how the professional development program and participants' beliefs and practices 
interacted to create change. In Section I of this chapter, the sample and the professional 
development program used in the study are described. In Section II, the data sources are 
presented. Finally, in Section Ill, techniques for data analysis procedures are described. 
Section 1: The Sample and The Professional Development Program 
The Sample 
The research project took place during the second semester at a high school in the 
Boston area. The school is classified as an urban, high-needs high school. The school is 
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classified as high needs because over 50% of the students receive free or reduced lunch. 
Three-quarters of the students do not speak English as a first language, and 25% of the 
total population is considered Limited English Proficient. Eighty-seven percent of the 
students are considered low income. Within the school, students are placed into one of 
two tracks for mathematics: college preparatory or honors. At this school, there are forty 
mathematics teachers, one director, and a math coach. The teachers range from first year 
teachers to teachers with more than twenty years of experience. All of the teachers hold a 
license to teach high school mathematics. 
The participants in the research study were drawn from members of the 
mathematics department who choose to enroll in the professional development program. 
There were six participants who attended over 80% of the sessions. Five of the six 
participants taught geometry during the professional development program and had also 
taught geometry in previous years. The sixth participant was a math coach, who had 
previously taught geometry at the school and planned to return to the classroom the 
following year. Participants in the professional development program were given 20 
Professional Development Points in return for taking part in the program. Teachers are 
required to obtain Professional Development Points in order to maintain their 
certification within Massachusetts. 
Two participants who were involved in the professional development course were 
selected by the researcher to be participants in the case studies. These participants 
agreed to take part in more detailed interviews and to be observed teaching. These 
participants were compensated for the additional time needed to gather data for the case 
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studies. The case studies were selected based on two criteria: they were willing to have 
their classes observed and they were unique members of the group who offered key 
insights. The case study participants were selected after the pre-interview. The first 
case study participant had been teaching for a total of seven years, with the last three 
years being spent at the site high school. He had taught geometry for all three years at 
the high school. He has not held a job other than teaching. This case study was selected 
because he had unique views about using student ideas and reasoning to guide the proof 
writing process prior to the professional development program. The other participant 
had been teaching for nine years at the site high school. He had taught geometry every 
year. Prior to that, he had worked as an engineer for approximately 20 years. He was 
selected because his mathematics skills and struggles with proof writing were 
representative of the majority of participants. 
The Professional Development Program 
The professional development program developed for this research focused on the 
development of aspects of teachers' mathematical knowledge for teaching (MKT) in the 
area of geometric proofs. Specifically, it focused on developing participants' specialized 
content knowledge (SCK), knowledge of curriculum and teaching (KCT), and knowledge 
of curriculum and students (KCS) in the area of proof. The researcher hypothesized that 
geometry teachers with a better knowledge of the connections between inductive and 
deductive reasoning and the proof writing process would develop more positive beliefs 
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and teaching practices around proof. Thus, this professional development program had 
two goals: 
3. To develop teachers' understanding of the how the use of inductive reasoning 
components can benefit the writing a deductive proof 
4. To develop teachers' abilities to teach using inductive reasoning components 
when teaching students how to write deductive proofs. 
To accomplish these goals, the professional development sessions were designed using 
the model developed by Driscoll and colleagues (2009) to include mathematical 
experiences (to develop participants' SCK), lesson development and implementation (to 
develop participants' KCT), and reflection (to develop participants' KCS). Specifically, 
in each session participants explored and reflected on or developed a mathematical task 
related to the teaching of proof. Each session in the program presented participants with 
the ideas that proofs can be taught beginning with a focus on inductive reasoning, data 
gathering, and generalizations leading to the creation of a deductive proof This is not a 
method commonly used in most geometry classrooms. At the end of each professional 
development session, participants took the task and were to use it with their classes. 
Participants then brought student samples back to the following session and reflected on 
their work and on students' understanding and discuss the lesson with their colleagues. 
In order to ensure that effective discussions occurred around the student work, a protocol 
called a "tuning protocol" was used to establish sociomathematical norms as suggested 
by Kazemi and colleagues (2009). In this protocol, one teacher is asked to present work 
from their class uninterrupted and to focus on a key question. Key questions for this 
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protocol were: "What was the main mathematical idea you were trying to develop?" and 
"What mathematical knowledge are your students exhibiting?" Following the 
presentation, the remaining participants then examined the student work, asked clarifying 
questions, and provided feedback related to the guiding questions. Finally, a whole group 
discussion around the work commenced. This tuning protocol was used every time 
participants brought in work from their students - a total of 9 times. 
In addition to the use of the Driscoll model, the specific elements from Clarke's 
(1994) and Elmore's (2002a) frameworks for effective professional development 
programs were used when designing the sessions. To allow participants to gain 
experience and develop understanding and appreciation for the use of inductive 
components in proof teaching, the professional development program was held over five 
months and consisted of 20 hours of content presented in ten sessions. The sessions 
began by presenting foundational concepts such as the meaning, differences, and uses of 
induction and deduction, and then incrementally building on of these pieces until 
participants were able to write and conduct entire lesson plans built around teaching a 
proof using data gathering and generalization through inductive reasoning to guide the 
final writing. Finally, during each session, there was a reflection period for participants 
to discuss their successes, failures, and knowledge gained so far. The purpose of this 
component was to provide the support that Elmore (2002a) contends is necessary for 
changes in teachers' beliefs and teaching practices to occur. 
The ten sessions addressed the following four categories: 1) Exploring Types of 
Reasoning 2) Method of Teaching a Proof Lesson 3) Developing Proof Lessons: Tasks 
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Chosen by the Facilitator and 4) Developing Proof Lessons: Tasks Chosen by the 
Participants. These categories are summarized in Table 3.1.1 below. 
Table 3.1.1 Summary of Professional Development Session 
Theme Sessions 
Exploring Types of • Session 1: Introduction to Professional 
Reasoning Development and Deductive Reasoning 
• Session 2: Introduction to Inductive Reasoning 
• Session 3: The Connection Between Inductive 
and Deductive Reasoning in the Proving 
Process 
Methods of Teaching a Proof • Session 4: Proof Writing and Working 
Lesson Backwards 
• Session 5: The Teacher Moves Needed To 
Facilitate A Proof Activity 
Developing Proof Lessons: • Session 6: Angles Of Pentagram and More 
Tasks Chosen By The • Session 7: Overlapping Squares 
Facilitator 
Developing Proof Lessons: • Session 8: Development of Lessons: Part I 
Tasks Chosen By The • Session 9: Development of Lessons: Part II 
Participants 
• Session 10: Final Reflection and Wrap-up 
In the first three sessions, participants explored different forms of reasoning -
specifically inductive and deductive reasoning and the connection between the two. One 
session was devoted to each form of reasoning with the third built around connecting the 
two by using data from the inductive exploration to build deductive arguments. 
Deductive reasoning is defined as the process of showing that certain statements follow 
logically from agreed-up assumptions and proven facts. Inductive reasoning is the 
process of observing data, recognizing patterns, and making generalizations about those 
patterns, (Serra, 2008). After exploring each type of reasoning, participants were asked 
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to use similar problems in their classes, collect student work, and reflect on students' 
understanding at the subsequent sessions using the tuning protocol. 
In the first session, the researcher did a presentation about current research around 
the teaching of proof. Then, the participants explored three different types of puzzles 
that develop deductive reasoning: Conclusion Quickies, Mystery Problems, Syllogisms, 
and Matrix Logic Problems. These puzzles were selected from various geometry texts. 
In each, participants were asked to develop conclusions that can be justified by facts from 
the problem. Discussions centered around how givens and diagrams in proofs can be 
broken down in similar manners. Such logic puzzles are frequently used as enrichment 
activities in classes, but they are rarely connected to the proof writing process (Johnson, 
2009). An example of type of puzzle is included in table 3 .1 .2 below. 
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Table 3.1.2: Examples of Reasoning Puzzles 
Deductive Problem 
Type 
Conclusion Quickies 
Mystery Problem 
Syllogisms 
Matrix Problem 
Example 
A woman walked up to a man behind a counter and handed him 
a book. The man looked inside the book and said, "that' 11 be 
five dollars." The woman paid the man, and walked out without 
the book. The man saw her leave without the book, but didn' t 
say anything. Why not? 
On the Island of Knights and Knaves, every inhabitant is either 
a knight or a knave. Knights make only true statements and 
knaves make only false statements. On a visit to this island, 
you meet an inhabitant who says, "This is not the first time I 
have said what I am now saying." 
Is he a knig_ht or knave? 
Decide whether each of the following conclusions is valid: 
1) All pigs are red. All red things are cute. Therefore, all 
pigs are cute. 
2) All trees are green. All pines are trees. Therefore, all 
pines are green. 
Carol, Sue, Jill, Dave, and Jim each play a different instrument 
in the school band. The instruments they play are: clarinet, 
flute, saxophone, trombone, and sousaphone. From the clues 
below, determine which instrument each student plays: 
1) Carol plays either the clarinet, saxophone, or 
sousaphone 
2) Sue does not play the flute 
3) Dave does not play the trombone, saxophone, flute, or 
clarinet. 
4) Jim plays either the sousaphone or the saxophone. 
C F Sax T Sou 
Carol 
Sue 
Jill 
Dave 
Jim 
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In the second session, the participants were asked to solve a series of problems 
using inductive reasoning. The emphasis was on developing methods for recognizing 
patterns and making generalizations. Such methods included starting with simpler cases, 
using data from simpler cases, and organizing data effectively. Examples of problems 
that can be solved using inductive reasoning are found in Figure 3 .1 .1 below. 
Figure 3.1.1: Sample Inductive Reasoning Problem 
What is the last digit of 32'J? 
Tara has just finished her first quilt. It is made of five rows of squares by five 
rows of squares. Her sister Jill says that there are more than 25 squares in the 
quilt. What does she mean? How many squares are there actually? 
During the third session, participants explored a number of problems and then 
used the data they have gathered to write a deductive conclusion - often in the form of a 
simple proof First, they returned to the problems from Session 2, and examined how 
their data and generalizations could be used to build deductive arguments. Then, the 
participants examined a series of modified "textbook problems" to further examine the 
connection between inductive and deductive reasoning. In the example shown in Figure 
3 .1.2, part c is the deductive piece and parts a and b (the inductive pieces) are used to 
motivate and give an outline for answering part c. 
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Figure 3.1.2: Sample Problem That Includes Components that Use Inductive 
Reasoning 
Questioll_#l: Ray BP and BQ are bisectors. 
D 
\ p 
'.\ 
B 
A 
:::/ l 
c 
a. Angle ABC has a measure of 66 degrees. What is the measure of angle PBQ? 
b. Create several more angle measures for angle ABC. What is the measure of 
PBQ? 
c. What's happening here? Carefully explain. 
The fourth session focused on actual proof writing using a method called 
"Planning Backwards" in which a person considers each conclusion of a proof and 
determines what the previous step could be that led to that conclusion (Serra, 2008). 
This was the only session that focused specifically on formal procedures of the writing of 
proofs. It was included to show the participants that proofs do not have to be written in a 
linear form from start to finish - a norm in many classes that inhibits students' 
understanding (Herbst et al, 2010). The mathematics used in this section focused on 
proofs of quadrilateral properties. An example of a working backwards proof task is 
found on Figure 3.1.3 below. 
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Figure 3.1.3: Example of Working Backwards 
Question 1: A concave kite is sometimes called a dart. 
Given: Dart ADBC with line segment AC congruent to BC, and line segment AD 
congruent to BD. 
Prove: Line Segments CD bisects <ACB. 
A 
c 
I 
I 
I 
D 
Step 1: To show something is a bisector, we need to prove that two angles are congruent. 
<ACD is congruent < BCD ~Line segment CD is bisector of <ACB 
Step 2: To show angles are congruent, a good technique is to show triangles are 
congruent 
Triangle ACD is congruent Triangle BCD ~ <ACD is congruent < BCD ~Line segment 
CD is bisector of <ACB 
Step 3: Since we only have information on sides, we select SSS Congruence Theorem. 
1) CD is congruent to CD (reflexive) 
2) AD is congruent to DB (Definition of kite) 
3) AC is congruent to BC (Definition of kite) 
+ Triangle ACD is congruent Triangle BCD ~ <ACD is congruent < BCD ~Line segment 
CD is bisector of <ACB 
(Serra, 2008, p. 268) 
The fifth session focused on helping participants learn how to facilitate a proof 
experience with their students. To accomplish this goal, the participants explored a 
problem that was challenging for them and required the gathering of data, the generation 
of generalizations, and the creation of a deductive proof. For many participants, this was 
the frrst time they had done a proof problem in such a manner. In addition, this problem 
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was at a level of difficulty so that it was challenging for most of the participants to solve 
and write an appropriate proof, making it a genuine learning experience. While the 
participants explored the problem called The Hex of Pythagoras, (Burke et al., 2008) the 
researcher demonstrated the five practices for orchestrating classroom discussions 
(anticipating, monitoring, selecting, sequencing, and connecting) around tasks (Smith & 
Stein, 2011 ). Such discussions limit the proceduralizing of proof and allow students to 
engage in genuine discussions about what constitutes a complete proof A key step in 
this session was the participants reflecting on the learning experience and how the five 
practices aided or inhibited the solving and understanding the problem. The Hex of 
Pythagoras problem is shown figure 3.1.4. 
Figure 3.1.4: The Hex of Pythagoras 
A figure is formed by taking a right triangle and then building squares off each side of the 
triangle. The vertices of the square are then connected to form triangles. 
How do the areas of three new triangles compare to the area of the original right triangle? 
(Burke et al, 2008) 
The fmal five sessions focused on writing lessons that involved proof activities, 
teaching these lessons to students, and reflecting on the experiences. All lesson writing 
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focused on writing proving activities that involved the gathering of data, the forming of 
generalizations, and then writing of deductive proofs. The ultimate goal of these 
sessions was to teach participants how to turn ordinary textbook tasks into richer proof 
problems, so they could continue the process after the professional development program 
had been completed. The first two proof activities were selected by the researcher. Each 
activity involved the participants first solving the problem. The participants then wrote a 
lesson plan that scaffolded the task so it was appropriate for students. The lesson plans 
included questions that led to inductive and deductive reasoning and a plan for responses 
to anticipated solutions and misconceptions. Finally, the participants implemented the 
lesson in their classes. In the following session, participants reflected on the 
implementation using the tuning protocol. The first activity used in Session 6 was called 
Pentagrams and More (Craven, 2010) and involved finding the sum of the angles of 
pentagrams, hexagrams, and other n-grams. This problem is shown in Figure 3 .1. 5. 
This problem was selected as the first task because it involved the use of basic angle facts 
and the sum of the interior angles of polygons. This was a topic that students were 
familiar with so they could focus on pattern fmding, generalization, and proof writing 
without having to master new material. 
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Figure 3.1.5: Pentagrams and More 
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Examine the outer angles (the angles that make up the points) of any pentagram 
(Example shown above). What do you notice? Why is this happening? 
What about the sums of the outer measures of the angles of a hexagram? Heptagram? 
AnN-gram? 
(Craven, 2010) 
In session 7, the problem called Overlapping Squares (McCrone et al., 2010) was 
used. This problem, shown in Figure 3.1 .6, involves the amount of shared space by two 
squares when one is rotated around the center of the other. The key mathematical 
discovery is that the amount of shared area does not change. Finding this is based on 
recognizing congruent triangles within the situation. It was included to show participants 
that congruent triangles have mathematical uses beyond the procedural proofs that 
students often complete in traditional textbooks. 
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Figure 3.1.6: Overlapping Squares 
Question: Two congruent squares (n units by n units) overlap. Vertex C of one square is 
the center of the other square (see figure). If the square with vertex Cis allowed to rotate 
about the center C of the other square, what is the largest possible value of the 
overla in shaded area? 
(McCrone et al., 2010) 
In the final three sessions, participants created their own proving tasks around the 
Pythagorean Theorem. This was topic was selected because it represented a unit that 
participants would be teaching to their students during the term. The development of 
this lesson took two sessions in order to give participants sufficient time to develop all 
features of the lesson. In these sessions, participants explored the mathematics, and then 
wrote appropriately scaffolded tasks for their students to try. Teachers incorporated data 
gathering, inductive reasoning, deductive reasoning, and proof writing in these lessons. 
They then used their tasks in their teaching, collected student work, and reflected on 
students' understanding. In the tenth session, time was allocated for reflection on this 
lesson and for reflection on and discussion of the entire professional development 
program. 
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Creating a professional development that program will enact the necessary 
changes in teachers' practices and beliefs is a cyclical process that requires enactments of 
the program followed by refinements based on feedback and analysis. For this reason, 
design-based experimentation is an effective research model for measuring the results of 
a professional development program. The purpose of designed-based experimentation is 
to .develop theories about the process of learning or teaching and the means that are 
designed to support them, (Cobb et al., 2003). The use of this research creates shareable 
theories that help communicate relevant critical information to teachers and other 
educational designers. The theory that drove this particular project is that geometry 
teachers with a better knowledge of the connections between inductive and deductive 
reasoning and the proof writing process would change their beliefs towards using proof in 
instruction and the teaching practices necessary to teach proof. The means designed to 
support this theory was the 1 0-session, 20-hour professional development program 
around the teaching of proof. A full design experiment is an iterative process built 
around continuous cycles of enactment, analysis, and redesign. A primary goal for a 
design experiment is to improve the initial intervention by revising the program. The 
researcher will be informed by ongoing analysis of the subjects and the learning 
environment (Cobb et al., 2003). In fact, one of the key features of a design experiment 
is that the researcher deepens his or her own understanding of the phenomenon under 
investigation throughout the experiment. During the enactment phase, the designer of 
the intervention gathers data about how the intervention is succeeding or failing and uses 
this information to improve the design. For this reason, record keeping is critically 
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important during the project. Following the intervention, it is "frozen" and a rigorous 
summative evaluation and redesign is performed (Design-Based Research, 2003). For 
this particular study, only the initial enactment and analysis were performed. In future 
studies with additional resources, the professional development program will be 
redesigned and reenacted to better understand its effect. 
There are several advantages of design-based research. One is that the 
interventionist nature of the design gives the researcher more control than with 
naturalistic investigations (Cobb et al., 2003) Secondly, another advantage of a design 
experiment is that it leads to a better understanding of the learning ecology within a 
complex learning environment. A learning ecology is made up of the tasks or problems 
that are given to participants, the kinds of discourse used, the norms and practices, and 
the means by which the teacher orchestrates these different elements (Cobb et al., 2003). 
An understanding of the ecology allows the researcher to account for contextual 
phenomena that affect the outcome which is something that randomized trials might fail 
to note (Design-Based Research, 2003). 
Section II: Data Sources 
Three data sources were used to gather evidence in this study: interviews, 
observations, and transcripts of the professional development program sessions. 
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Interviews 
Description of Interviews 
Two interviews were conducted by the researcher with all six participants on the 
teaching of geometric proofs. The interviews were completed before the start of the 
professional development program and within two weeks of the conclusion of the 
professional development program. Each interview lasted approximately one hour. 
The interviews consisted of eight questions. The questions were adapted from 
Knuth's (2002a, 2002b) study of teachers' conceptions of proof In his study, Knuth 
wrote a narrative on teachers' beliefs about the teaching of proof with no intervention. In 
this study, the pre-interview was conducted to examine the participants' initial beliefs and 
to see how they correlated with Knuth's (2002a, 2002b) and other researchers findings. 
The post interview questions were used to gain insight into if and how those beliefs 
changed during the time the professional development program was held. The questions 
were broken into four topics: 1) definition of proof, 2) the role of proof in mathematics 
and school, 3) the use of proof in classroom, and 4) the participants' expectations of 
students when doing a proving task. The questions are listed in Table 3.2.1. 
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Table 3.2.1: Pre- and Post-Interview Questions 
To ic 
Definition 
of Proof 
Role of 
Proof 
Use of Proof 
Expectation 
s of 
Students 
Questions 
• What is a proof? 
• What constitutes a proof? 
• What constitutes a proof in high school mathematics? 
• What is the role of proof in mathematics? 
• What is the role of proof in high school mathematics education? 
• Tell me about a typical day in your geometry class. What type 
of proving activities do you have students do? Can you give me 
an example? 
• What are your expectations for students when they are asked to 
do a proof? 
• Suppose you got the following three responses to the statement: 
"Prove the sum of the angles of a triangle is 180 degrees." 
How would you score each of the responses and what feedback 
would you give to each student: (Pre-interview version) 
a. I tore up the angles of the obtuse triangle and put them together (as 
shown below). The angles came together as a straight line, which 
is 180 degrees. I also tried it for an acute triangle as well as a right 
triangle and the same thing happened. Therefore, the sum of the 
measures of the interior angles of a triangle is equal to 180 
~~~~~~ :_- -- -
b. I drew a line parallel to the base of the triangle. I known= a 
because alternate angles between two parallel lines are congruent. 
For the same reason, I also know that m =b. Since the angle 
measure of a line is 180 degrees, I know n + c + m = 180 degrees. 
Substituting a for n and b for m, gives c = 180 degrees. Thus the 
sum of measures of the interior angle of a triangle is 180 degrees. 
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The three questions in the definition of proof section asked participants about 
what they thought is and is not a proof in the larger mathematical world and how they 
defined proof when working with students in their own classrooms. These questions 
helped determine whether or not the participants held conflicting views as to what counts 
as a proof and what the role of a proof is in mathematics in general and in school 
mathematics in particular. 
Additionally, participants were asked to discuss the use of proof in their 
classroom and their expectations for students when the students write proofs. To 
accomplish this, the participants were asked to describe a typical day in their geometry 
class and the type of proof activities they used. As a follow-up, participants were asked 
to describe specific teaching activities they had used. The goal of these questions was to 
determine the level at which the participants used and valued proof in their teaching of 
geometry. 
Participants were also asked about their expectations for students during a proving 
task. Participants might expect their students to be able to complete deductive proofs on 
their own, to complete the proofs with the teachers' assistance, or to only complete 
empirical arguments that suggest the validity of the statement to be proved. To provide 
additional data on participants' beliefs, each participant was asked to respond to the work 
of two students when asked to prove specific statements. In the pre-interview, the 
statement was "Prove the sum of the angles of a triangle is 180 degrees." In the post-
interview, the statement was "Prove the diagonals of a parallelogram bisect each other." 
In both cases, the first student response involved an empirical argument whereas the 
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second student response involved a complete deductive proof. The participants were 
asked to score these students responses and explain what feedback they would give to 
each student. The responses to these questions helped develop an understanding of the 
participants' expectations for their students; participants either expected their students to 
complete deductive proofs or were willing to accept partial arguments. 
To begin the interview, the participant was reminded that the interview was audio 
recorded, and that they could ask to pause the audiotape at any time during the interview 
or discontinue the interview. They were also reminded that all interview responses 
would be kept confidential and only heard by the researcher. 
After the participant had finished answered each question, the researcher asked 
follow-up questions as needed to elicit key points. Follow up questions included: 
"Could you explain more?" "What did you mean by ?" and "Why did you make 
that decision?" At the end of the interview, the researcher thanked the participants for 
their willingness to participant and collected the copies of student responses that they had 
scored. 
The additional interview questions for the two case study participants were used 
to gather specific details about their teaching of proof. Prior to the observations, the 
teachers were asked to describe their goals for the lessons and how they planned the 
lessons. After the observations, the participants were asked to analyze and reflect on 
how they introduced the proving task and how the students worked on the task. These 
questions were designed to frame the observations and to determine how the participants 
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prepare for teaching a proving task and how and why the participants reacted to student 
actions and responses during the task. 
Coding Scheme for Interviews 
The coding of the interviews was done around the several categories used in the 
interviews. The categories were the definition of proof, the role of proof, methods of 
doing a proof, placement of proof in the curriculum, and teachers' expectation of 
students. Initial codes were adapted from Knuth (2002a, 2002b) and additional codes 
were added as they emerged when analyzing the transcripts. 
The category, definition of proof focused on whether participants defined proof 
as deductive argument or just convincing argument that might require further checks. 
The codes for this theme included a proof is a deductive argument, a proof is a 
convincing argument, and a proof is an argument that must be checked with further cases. 
The selection of these codes was made because the work ofKnuth (2002a, 2002b) 
suggested that teachers often defme the term, proof, in two ways. For an official 
definition, they define proof rigorously as a deductive argument using statements like 
"my definition of a proof is a logical group of steps that would proceed from maybe one 
or more given statements and uses the knowledge that you know of postulates or 
theorems to derive a conclusion that something is either true or not." However, when 
working with students, teachers often lower their standards and define proof only as a 
convincing informal argument in which a student "explains clearly and conscientiously 
why something must be true." Both codes were used to determine whether the 
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participants made this differentiation. The third code was included because Knuth 
(2002a, 2002b) found that many teachers also have a misconception about the strength of 
a deductive proof and still feel that they must check their completed proof with further 
examples to see if it still holds. These codes are summarized in Table 3.2.2. 
Table 3.2.2: Definition of Proof Codes 
Code Name Definition Example 
(Source) 
Deductive A proof is an argument that I think it means to show logically 
Argument (Knuth) follows a logical flow that that a certain statement or certain 
is based on deductive conjecture is true using theorems, 
reasorung. logic, and going step by step 
Convincing A teacher argues: a proof is A proof is a convincing argument 
Argument a rigorous argument that showing that something that is said 
(Knuth) may not be built on to be true is actually true 
deductive argument 
Must Check Further A teacher argues: a proof is A proof is an argument for why 
Examples (Knuth) an argument that does not something is true but you have to 
cover all cases keep checking to make sure it fits 
for every example. 
The category, role of proof, was used to determine what roles of proof the 
participants initially valued and how this changed over the course of the professional 
development sessions. It was broken into the codes that describe proof as being used to 
provide clear explanations, establish truth, communicate mathematical knowledge, or 
create new understanding. These codes were included because Knuth's (2002a, 2002b) 
work suggested that most teachers have a very limited conception ofthe role of proof. 
Specifically, most teachers suggest that the primary role of proof is that it teaches 
students to provide sound explanations and how to be logical thinkers. Teachers often 
express this with statements like "rather than just kind of haphazardly writing, proof is a 
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very good technique because you always identifY what do you know and then you 
identifY what are some possible ways to get additional information and then you write the 
proofbased on those two things." As a secondary role, many teachers often cite proof as 
useful in establishing something as true. This role is problematic for many students 
because they often already know the truth of the statement they are trying to prove, and 
thus see the process as trivial. However, Knuth (2002a, 2002b) and Weber (2008) both 
note that proof has many other roles that are valuable to students' understanding of 
mathematics. One understanding is the opportunity for students to communicate what 
they do or do not understand and is exemplified by one participant's statement that proof, 
"is a kind of succinct way for students to demonstrate all the knowledge they have 
developed." Another is the opportunity to gain insight into the underlying structure that 
makes a statement true and was coded for statements like, "I think that it's to look at the 
underlying structure of the problem. What about a parallelogram makes it such that the 
diagonals will bisect each other? Why is that? What are some other shapes where the 
diagonals don't bisect each other and why is it true for the parallelogram and not true for 
the other shape?" These codes are summarized in Table 3.2.3. 
79 
Table 3.2.3: Role of Proof Codes 
Code Name Definition Example 
(Source) 
Provide Clear Teaches student to make a I think the role of proof in high 
Explanations clear argument. school mathematics is to get 
(Knuth) students thinking in a logical 
manner. 
Establishment of Convinces students that I guess it would be the steps that 
Truth (Knuth) something is true. justify that something that we 
believe to be true must in fact be 
true. 
Creates New Proof develops an I think it is to practice sort of 
Knowledge (Knuth) understanding of moving away from the calculations 
underlying geometry to a deeper understanding by 
concepts and properties. drawing these connections between 
things that we hopefully know. 
Communicate Provides a forum for It requires such an eminent 
Mathematical students to communicate knowledge of the mathematics to 
Knowledge (Knuth) their mathematical write formal or a proof that has 
knowledge good depth to that it allows students 
to show what they do or don' t 
understand. 
The category, methods of doing proof, examined how the participant said they 
taught proof tasks in their classes. Three methods that were noted in Knuth' s (2002a, 
2002b) work were the use of experimentation and conjecturing prior to the proof writing 
process, planning the proof by outlining, and planning the proof by trying to connect it to 
prior knowledge or similar proofs. These codes were included because very often the 
participants did not motivate proof tasks with experimentation, but instead jumped right 
into planning and writing the formal proof One participant in the study exemplified this 
in his pre-interview by saying, "I try to get them to look at the given statement and maybe 
try to formulate a thought process. Where do they want to go from here?" Conversely, 
in his pre-interview, another participant exemplified the use of experimentation and 
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conjecturing prior to proof writing by stating, "I tell them to use numerical examples first 
because they have to do that. They aren't ready to really just work with the abstraction." 
However, during the transcript analysis it was discovered that these codes were 
too broad to fully capture the methods that the participants used when teaching a proof 
task, so several additional codes were added. First, within the experimentation and 
conjecturing phase of the task, if inductive reasoning was specifically mentioned, it was 
noted. This is because it was an important part of the professional development program. 
An example of such a statement from the study is: "in my class a proof is actually- kind 
of the thing that follows at the very end of an inductive exploration into why something is 
the way it is." In addition, the idea of outlining prior to writing the proof was broken 
down into two subcategories that the participants said they valued - working forward and 
working backward. Statements that were coded as working forward involved a 
participant telling his or her students to keep thinking about the proof until the immediate 
next step became apparent and is exemplified by statements such as "I ask them to keep 
reviewing their theorems until they can think of what comes next." Working backwards 
statements occurred when a participant encouraged his or her students to think about the 
conclusion and what types of steps were need to reach that conclusion. This is 
exemplified by lines like "I tell them what are you trying to prove? What does your last 
step have to be?" The codes are summarized in Table 3.2.4. 
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Table 3.2.4: Method of Doing Proof Codes 
Code Name Defmition Example 
(Source) 
Experimentation and Developing a proof based They just kind of play with 
Conjecturing on experimentation and numbers and they see patterns and 
(Knuth) conjecturing. they say this is interesting. If I do 
this the same way even with 
different numbers, I get the same 
relationship between these parts of 
this figure or this equation. 
Importance of Using data to reason I do need to dig into more of that 
Inductive Reasoning inductively about inductive way of thinking that 
(Generated) relationships. leads up to each proof and finding 
a way of thinking to come up very 
organically and then getting them 
to give me the information. 
Planning: General Planning out the proof How I would write a proof is I 
(Knuth) before beginning to write always look at what I already 
know, where I need to go and then 
I sit back and try to find what are 
the steps to get from what I know 
to where I need to go. 
Planning: Working Doing a proof by starting at So I would usually start by saying 
Forward (Generated) the givens and then this is my starting point, this is 
working toward a where I need to get to, how am I 
conclusion going to get there? I fill in how 
many steps I'm going to need to 
get there. 
Planning: Working Beginning at the Then if! am still stuck and I don't 
Backward conclusions and working see kind of a way to get to the 
(Generated) backward endpoint sometimes I will try to 
work back and assume that that's 
true and say what has to be true for 
that endpoint to be true 
Planning: Connect to Building proofs off Otherwise, it's research. What 
Prior Knowledge previous knowledge or other proofs are similar? How are 
(Generated) proofs those approached? Then take that 
knowledge into my proof again. 
The category, placement of the proof, in the curriculum was generated during 
analysis of the transcripts. During the pre- and post- interviews, the participants made 
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three types of statements about how they thought proof should be included in the 
curriculum. The frrst were statements about separating proof from the curriculum that 
included "I personally think that there should be a class - a separate class. It can be an 
elective, but it is a class that is proofs. Call it logic. Call it some kind of reasoning- I 
don't know what you want to call it. But all it is proofs." The second were statements 
about starting the proof early in the year and were exemplified by quotes like "I want to 
start from day one asking 'why' questions and transition those quickly into proofs." 
Finally, statements about integrating proof into the curriculum and using it within each 
lesson were given. An example of this type of statement was "if we are serious about 
putting proofs into the curriculum, we need to build it in as part of our weekly 
instruction." A summary ofthese codes is listed in Table 3.2.5. 
Table 3.2.5: Placement of Proof in the Curriculum Codes 
Code Name Defmition Example 
(Source) 
Proofs As an Developing situations We need a proof day set aside each 
Isolated Topic where proofs are done unit to do nothing but proofs 
(Generated) merely to develop proof 
skills 
Proofs As Not An Proofs should be started I could start to include proofs in my 
Isolated Topic: early in the year. lessons much earlier - even when 
Starting Early Year we start to talk about planes and 
(Generated) lines and points. 
Proofs As Not an Proof should be integrated I am not sure I would ever introduce 
Isolated Topic: into the curriculum proof with the sort of Chapter 2 
Integrating into the Glencoe - you know- alright today 
Curriculum we are going to do something 
(Generated) different. Well, what's different 
about it? Well- we are still talking 
about triangles and quadrilaterals -
right? So what is different about it? 
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The expectations of students category was used to code what the participants 
expected from their students when they completed a proof task. Knuth's (2002a, 2002b) 
work suggested three levels of expectations. The first is that participants only expected 
their students to complete empirical arguments or "proofs by examples." A participant 
exemplified this by stating, "They gave a number of good examples of why a triangle 
sums to 180 degrees and this is probably the best I am going to get." The second level is 
that the participant expected his or her students to produce deductive, formal proofs but 
anticipated having to help students write or edit them and said things like "When I look at 
proofs when I am looking at the reasons students are giving for a certain step, I am not 
expecting that exact wording or idea to be 100% accurate." The highest level of 
expectations occurred when the participant stated that he or she wanted complete proofs 
from students without input from the teacher. This could be found when a participant 
stated, "When I get a proof, I don't want it to be sloppy- I don' t want to have to infer. I 
want it to be technically strong." 
An additional code was added during the transcript analysis relating to format. 
Several participants commented that their first check of a proof was based on how the 
proof looked and if it was the correct number of lines before a review of the content 
began. An example of this is the statement "ifl see too few lines I know it lacks detail. 
If I see too many I know there has to be circular logic." These codes are summarized in 
Table 3.2.6 below. 
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Table 3.2.6: Expectations of Students Codes 
Code Name Defmition Example 
(Source) 
Format (Generated) Teacher expects a number If I am expecting to see maybe five 
of lines or format of proofs. lines and you've got thirty, then 
something went wrong. 
Accepts Empirical Teacher accepts arguments If I saw that there was rigor in 
Arguments(~uth) that are proofs by example, collecting the data and 
not deductive arguments. demonstrating, I think I'd score this 
at least on 8 or something. 
Expects Imprecise Teacher expects deductive They usually know how to get their 
Deductive proofs. but expects to have step-by-step, but they don' t have the 
Argument Requiring to help students create it. backing for it. They see it, they 
Assistant (Knuth) know it, but they can't prove it to 
themselves with a property or a 
theorem. 
Expects Precise Teacher expects students to This is an A grade proof .. . it is a 
Deductive Proofs create deductive proofs on proof rather than a demonstration 
without Assistance their own. .. . if you believe all of these things 
(~uth) that are written that lead up to the 
final QED then it must be true and 
these are things that are true because 
of the reasons given, so there is 
some good understanding. 
The coding process was preformed after each of the interviews had been 
transcribed. Each interview was read and coded for each category separately. Multiple 
codes were assigned to some utterances by the participants. After all of the transcripts 
were coded, summaries of each category were written for each participant to note trends 
and patterns within the interview transcripts. 
Professional Development Transcripts 
All the professional development sessions were audio-recorded and transcribed by 
the researcher. The transcripts were broken down by utterances. The participants' 
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written work was also collected to corroborate points made during the sessions' 
recordings. To identify evidence of possible changes in participants' beliefs, the 
professional development program transcripts were coded according to the same coding 
criteria as the interviews. Of particular interest were the group discussions when 
participants were creating proof instructional activities and the time spent analyzing 
student work from these proving tasks. Additionally, the transcripts were used to help 
make formative evaluations of the program as it continued, so that it could be modified 
according to the design-based research model. 
Observations 
Description of Observations 
The two participants selected for the case studies were observed teaching proof 
prior to and after the professional development program. Each participant was observed 
once prior to the professional development program on a day when the participant was 
doing a proving activity. After the professional development program, each participant 
was observed three times on days when the participant was doing proving activities. 
To capture what occurred during class instruction, field notes were taken by the 
researcher. In addition, the class dialogue was audio taped by using three audio recorders 
placed strategically around the room. The recordings were transcribed by the researcher, 
and the transcripts were broken down by utterance for coding purposes. The transcripts 
were coded using two instruments: the Instructional Quality of Assessment Rubric and 
the Teacher Questioning Rubric. These instruments were used to determine whether 
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participants were using procedural lessons built entirely around completing deductive 
proofs with most knowledge coming directly from the teacher or they were teaching 
proof tasks that included an inductive component that focused more on student 
understanding and reasoning. 
Instructional Quality Assessment Rubric 
The Instructional Quality of Assessment Rubric (IQA) was developed by 
researchers at the University of Pittsburgh Learning Center (Junker, 2006). It was 
designed to evaulate the quality of instruction in mathematics with a specific emphasis on 
the effects of reform orientated instruction and professional development programs. The 
IQA includes protocols for examining student work and classroom observations. For the 
purposes of this research study, only the classroom observation protocol was used. 
The IQA considers the cognitive demand of tasks used in instruction. The IQA 
was selected to rank classroom observations because its rankings correspond to the 
methods of teaching of proof that the professional development program was attempting 
to promote. Tasks are ranked in three different ways from 0 to 4 with 4 representing the 
highest score. 
First, the potential of the task as written is rated. This refers to how the task 
appears in either the textbook it was drawn from or in the teachers' lesson plan. Rating 
the task as written involves examing all parts of the task including the written instructions 
that appear on the handout or class materials to determine the cognitive demand of the 
task. A high score represents a task that has the pontential to require high cognitive 
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demand when used. Most often this is in the form of an exploration followed by 
generalizations and justification. 
The potential of the task is then evaluated in terms of how it is set-up for the 
students. The task as set up is how the teacher frames the task for the class. This occurs 
when the teacher introduces the task. Any moments when the teacher is explaining how 
to do a type of problem before students begin individual work is scored as part of the set-
up. The teacher may choose to maintain the level at which the task was written or change 
the level of the task by modifying it. The potential as set-up only changes if the 
teachers' instructions to begin the task vary from those in the book or in the lesson plan. 
An example of this occurred during the study when a particpant had written a task for 
students to discover that the inscribed angle in a circle is half the measure of the 
interecpted arc by having the students generate examples, and then prove their conjecture. 
However, he began class by annoucing that he was going to just walk through the proof 
at the board lowering the potential from a 4 to a 2. The rubric for task potential both as 
written and set-up is shown below in Table 3.2.7: 
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Table 3.2.7: IQA Potential ofthe Task 
Score Reasoning 
4 The task has the potential to engage students in exploring and 
understanding the nature of mathematical concepts, procedure, 
and/or relationships. The task must explicitly prompt evidence of 
students' reasoning and understanding. For example, the task MAY 
require students to: 
• Identify patterns formed and justify generalizations and 
proofs based on those patterns 
• Make conjectures and support conclusions with 
mathematical _proof 
3 The task has the potential to engage students in complex thinking or 
in creating meaning for mathematical concepts procedures and/or 
relationships. However, the task does not warrant a "4"because: 
• Student may need to identify patterns but are not pressed to 
form justified generalization or proofs 
2 The potential of the task is limited to engaging students in using a 
procedure that is either specifically called for or its use is evident 
based on prior instruction, experience, or placement of the task. 
There is little ambiguity about what needs to be done and how to do 
it. The task does not require students to make connections to the 
concepts or meaning underlying the procedure being used. 
1 The potential of the task is limited to engaging students in 
memorizing or reproducing facts, rules, or formulae, or definitions. 
The task does not require students to make connections to the 
concepts or meaning that underlie the facts, rules, formulae, or 
definitions being memorized or reproduced. 
0 The task requires no mathematical activity. 
(Junker 2006) 
A task that might be scored according to this rubric is "Prove the angle bisectors 
of any parallelogram form a rectangle." For the potential of this task to receive a 4, it 
must be written or set-up to provide students with opportunities to identify patterns and 
form justifications and proofs about the generalizations they have formed. These are the 
processes at the heart of the proof tasks that the participants examined during the 
professional development program. In this case, the written task might begin by asking 
89 
students to draw several parallelograms and draw angle bisectors in each. The students 
would then be asked what patterns they noticed and to prove why those patterns occurred. 
Students would not be given the conclusion (that the bisectors formed a rectangle), but 
instead be allowed to discover it. 
To have a potential score of three, a task provides students with the opportunity to 
identify patterns, but does not require them to justify or prove anyting. In the case of the 
parallelogram problem, ifthe task was at a level3, then it would be written or set-up so 
students would still be asked to do the exploration. However, the students would be 
asked to only state any generalizations they discovered without explicitly being asked for 
reasons why the generalization was true. 
To receive a pontential score of two, a task is structured or written in such a way 
that it gives a set of predetermined procedures for students to follow. Tasks rated at two 
are typical of many current tasks found in textbooks and used in the teaching of proof 
For the parallelogram problem to be written or set up at a level2, the task might call for 
students to be given the statement "prove the bisectors of a parallelogram form a 
rectangle" and ask them to prove it as group. Such a task might also involve asking the 
teacher to stand at the board and write down the statements and reasons that students give 
for each step. 
Tasks rated at level one for their pontential as written and set-up are tasks based 
entirely on memorization where students are asked to reguritate facts. A level one task 
involving parallelograms might include a sheet of terms and the directions to fill out the 
defintions of each term. Level 0 occurs when there is no mathematical learning in the 
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tasks. Such cases occur when the teacher has students preform activities like making 
posters of parallelograms. 
After the task potential as written and set-up has been scored, the task is scored 
for implementation. The implementation begins when students begin working on a task 
independently or in groups. Rating the task as implemented includes teacher feedback 
during students' group and individual work as well as teacher comments during the 
whole class discussion that occurs after the independent student work. The rubric (Table 
3.2.8) for rating a task as implemented is very similar to the rubric for the potential as 
written and set-up, but focuses on what happened in class rather than what might occur. 
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Table 3.2.8: Implementation of Task 
Score Reasoning 
4 Students engaged in exploring and understanding the nature of 
mathematical concepts, procedure, and/or relationships. There is 
explicit evidence of students' reasoning and understanding. For, 
example students may have: 
• Identify patterns formed and justified generalizations and 
proofs based on those patterns 
• Make conjectures and supported conclusion with 
mathematical proof 
3 Students engaged in complex thinking or in creating meaning for 
mathematical concepts procedures and/or relationships. However, 
the implementation does not warrant a "4" because: 
• Student may need to identify patterns but are not pressed to 
form justified _g_eneralization or QfOOfs 
2 Students engaged in using a procedure that is either specifically 
called for or its use is evident based on prior instruction, experience, 
or placement of the task. There is little ambiguity about what needs 
to be done and how to do it. The task does not require students to 
make connections to the concepts or meaning underlying the 
procedure being used. 
1 Students engaged in memorizing or reproducing facts, rules, or 
formulae, or definitions. The task does not require students to make 
connections to the concepts or meaning that underlie the facts , rules, 
formulae, or definitions being memorized or reproduced. 
0 The students did not engage in mathematical activity. 
(Junker 2006) 
After rating tasks with the three scores (potential as written, potential as set-up, 
and implementation), the rater has an image of the type of tasks that the teacher values 
and uses and his or her ability to maintain the level of cognitive demand that the tasks 
reqmre. 
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Teacher Utterances Rubric 
During the professional development program, an emphasis was placed on the 
types of questions and statements that teachers might use to better facilitate appropriate 
proof tasks. For this reason, the observations were coded for the types of questions and 
statements used by the case study participants during the implementation of their lessons. 
All case study participants questions and statements were categorized into one of the 
following four categories (shown in Table 3.2.9) during their teaching: 1) transactive 2) 
facilitative, 3) didactive, or 4) directive (Stylianou & Blanton, 2011). In a transactive 
prompt, a teacher requests that a student give an explanation or justification of a 
mathematical idea or asks the student to critique or elaborate on another student's ideas. 
Examples include statements like "Why do you suppose the two chords of the same 
length are the same distance from the center? I want you discuss amongst yourself. 
Write down in group what you think." and "Do you agree or disagree with [student]'s 
argument?" When a teacher revoices or confirms a student's ideas giving authority to the 
student with statements like "So, you said that if these are equal and these are equal then 
the third [angles] also have to be equal also. Did I say that correctly?" it is called a 
facilitative utterance. Both of these types of statement give students control of the 
proving task by allowing them to be active in the process rather than passive. Stylianou 
and Blanton (20 11) contend that this allows students to better understand and be more 
successful at proving tasks. 
In contrast, the other two types of statements, didactive and directive, give the 
teacher control of the proving task and make students passive observers. In didactive 
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prompt, a teacher assumes the role of the knowledgeable person and introduces ideas into 
the proving task. A teacher would be making a didactive statement when he or she said 
things like "Draw a line right there. Tell me what that line is." Or "This is called a radius 
-from the center to the edge. Can you draw four more radii? That will help us out." 
Directive prompts involve the teacher giving immediate feedback often cutting off 
student thinking. Examples of this include lines like "No, that's not what we are looking 
for. Side-angle-side is the wrong theorem. Does anybody else have a guess?" 
Table 3.2.9: Teacher Utterances Rubric 
Code Definition Examples 
Transactive A teachers' request for critiques, But now, instead of taking my 
explanations, justifications, word for it, how can you prove 
clarifications, elaborations, and this? With the person next to 
strategies which shift the students' you, I want you to come up 
cognitive stance from passive to with a two-minute game plan to 
active. prove this. 
Facilitative A teacher revoicing or confirming a I understand exactly what 
student's ideas thus lending authority you're saying. Does everybody 
to the student. else? 
Didactive The teacher brings his or her First off. How can I say that 
mathematical knowledge into the this - let's call it angle one and 
conversation and assumed the role of this angle two- they're 
the knowledgeable person. opposite. Are the sides that are 
opposite equal? They don't 
even look equal so can we that 
they are equal. We probably 
should assume that they are not 
equal. 
Directive The teacher provides the student with Close. First off we need to say 
immediate feedback this: xc is congruent to yc and 
congruent to zc. Right. I am 
kind of just fudging this just a 
little bit. 
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Confidentiality 
In order to ensure confidentiality and main accountability of all data, a randomly assigned 
control number was given to each participant and the data pertaining to them. All data 
was archived by the researcher and stored at a secure location on the Boston University 
campus. 
Section ill: Data Analysis of Research Questions 
This study examined participant's understanding of proof and the effects of a 
professional development program on their teaching of proof The methods of analysis of 
the research questions are presented here. The transcripts from the interviews, 
observatio~s, and professional development sessions were coded by the researcher. 
Additional coding was done on a sample of data by other members of the mathematics 
education community in researcher's department to ensure inter-rater reliability. 
Specifically, a professor in the mathematics education department at Boston University 
recoded 15% of all transcripts to ensure reliability. Additionally, a mathematics 
educators trained in using the IQA coded a sampling of the observations using the IQA 
rubric to ensure reliability. 
Question 1: 
What are the effects of a professional development program on the beliefs of secondary 
teachers on the role and use of reasoning and proof in geometry? 
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Question 1 was analyzed using the interview data and transcripts from the 
professional development sessions. The researcher coded the interview data according to 
the coding criteria. A narrative was then written noting the participant's beliefs about the 
role and use of reasoning and proof in geometry and the effects of the professional 
development program on these beliefs. A more detailed narrative was written on the 
case studies participants' beliefs on the teaching of proof and the effects of the 
professional development program on them and how those beliefs affected their teaching 
practice. 
Question 2: 
What are the effects of a professional development program on teachers' teaching 
practices of reasoning and proof in geometry? 
Question 2 was analyzed using the IQA rubric and Teaching Question Rubric on 
data from the transcripts from the observed class sessions. Using these transcripts and 
the researchers' field notes, the researcher then rated all mathematical tasks as written, set 
up, and implemented. To code for Teacher Questioning, the researcher coded the 
classroom observation transcripts according to the coding criteria. The codes used were 
transactive prompts, facilitative prompts, didactive prompts, and directive prompts 
(Stylianou & Blanton 2011 ). Using both sets of data, a narrative was written noting each 
case study participant's teaching practices around reasoning and proof in geometry and 
the effects of the professional development program on these teaching practices. 
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Interaction Between The Two Questions 
As important as these two questions are independently, beliefs of teachers and 
their teaching practices are two highly intertwined phenomena. Therefore, the data 
analysis also focused on how changes in one area effect changes in another. To 
accomplish this, the Interconnected Growth Model (Clarke & Hollingsworth, 2002) was 
used. The model argues that teachers' beliefs and practices might both change as a result 
of a professional development program, but that this growth is iterative. The 
Interconnected Growth Model (see Figure 3.3.1) argues that, for a teacher, there are four 
domains in which change can occur through the processes of enactment and reflection. 
These four domains are the external domain (the learning domain or in this project the 
professional development program), the personal domain (the teacher' s beliefs on the 
topic of proof), the domain of practice (the teaching situations in which the teachers used 
or expressed their knowledge), and the domain of consequence (student outcomes). 
Changes in one domain are caused by an enactment from or reflection on another 
domain. The term enactment is used instead of the term acting because each enactment 
represents an action based on something the teacher knows or believes (Justi & Driel, 
2005). 
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Figure 3.3.1: Clarke & Hollingsworth's (2002) Interconnected Growth Model 
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The changes that were noted in answering the two research questions were 
mapped using the interconnected growth model for the two case study participants to see 
how these changes were related. Then, using the coded transcripts, a narrative was 
developed for each case study which discussed how the professional development 
program affected the beliefs and practices of each participant. Additionally the narrative 
examined how the changes in beliefs led to changes in practice and how changes in 
practices led to changes in beliefs around mathematical proof. 
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Summary 
In this chapter, the participants and methods are discussed. This study examined 
the effects of a professional development program on teachers' beliefs and practices 
around mathematical proof. To accomplish this goal, the professional development 
program was given to members of a high school mathematics department. From this 
group, two participants were selected as case studies. The participants and the 
professional development program are described in Section I. Data for this study came 
from interviews, transcripts of the professional development sessions, and class 
observations. Description of the data sources are provided in Section ll. All data was 
coded qualitatively. The interviews and transcripts of the professional development 
sessions were coded to note the possible effects of the program on participants' beliefs. 
The observations were used to examine the effects of the program on participants' 
teaching practices. This data was then mapped using the Interconnected Growth Model 
to note how the professional development program, the participants' beliefs, and the 
participants' practices interacted to create change. This data analysis is described in 
Section TIL 
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CHAPTER IV: BELIEFS 
In this chapter, the participants' beliefs about the teaching of proof are discussed 
as well as how those beliefs developed and changed during the professional development 
program. The chapter is divided into the three sections. In Section I, the beliefs of all the 
participants before and after the professional development program are summarized. In 
Section II and Section III, specific information on the beliefs of the two case-study 
participants are explored. The relationship between these two participants' beliefs and 
their teaching practices is discussed in Chapter 5. 
Section 1: The Beliefs of the Participants in the Professional Development Program 
The Participants 
There were six participants who attended the professional development sessions. 
Pseudonyms are used to identify all six participants. Five of the six participants were 
classroom teachers in the school. One taught in the math and science wing of the school 
(Todd); one taught in the wing devoted to students interested in entering the field of 
health and human services (Bruce), and three taught in the part of the school devoted to 
recent immigrants to the United States (Bob, Patricia, and Tara). At the time ofthe 
professional development program, these five participants taught at least one section of 
geometry. All of the participants used the Glencoe Geometry text as their primary text. 
Bruce and Todd sometimes supplemented using the CME Geometry text although neither 
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had a class set. The length of the periods which they taught varied. Bruce taught in 48 
minute blocks; Bob, Patricia, and Tara taught for approximately an hour each period; 
Todd was on a block schedule where he met with his students every other day for one 
hour and twenty minutes. The sixth participant (Terry) was a math coach who was a 
former teacher in the leadership academy at the school. He was in his first year as a 
math coach and did not teach any classes. Instead, his primary role was to visit 
classrooms, observe lessons, and help teachers improve their craft. He worked directly 
with the math director to set-up professional development opportunities for teachers. He 
attended all professional development programs for the mathematics department. 
At the time of the professional development program, all six participants had been 
teaching between seven and ten years. For three participants, Bruce, Patricia, and Tara, 
teaching was a first career. For the remaining three participants, Terry, Todd, and Bob, 
teaching was a second career. Each of these participants had spent approximately twenty 
years working in the private sector. Todd and Bob were former engineers. Terry had 
worked for a technology start-up company. 
Beliefs Prior to the Professional Development Program 
Prior to the professional development program, each participant was interviewed 
individually about his or her views on the teaching of proof All interviews occurred two 
weeks before the first session. The interview consisted of eight questions around four 
categories: definition of proof, role of proof, use and methods of doing proofs in the 
classroom, and expectation of students during a proving activity. 
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The first set of questions that participants were asked were about their definitions 
of proof including the definition they used in their classrooms. When asked about their 
definition of proof, all six participants paused for between thirty seconds and a minute 
and a half before answering. This suggested that they did not have a well articulated 
personal definition of this term prior to this point. Once they responded, four of the 
participants' definitions ofproof(Todd, Bob, Patricia, Tara) were almost verbatim 
textbook definitions. For example, Todd's stated that a proof is "a logical group of steps 
that would proceed from maybe one or more given statements and use knowledge of 
postulates and theorems to derive a conclusion either proving or disproving something." 
Statements by Bob, Patricia, and Tara were very similar. This was in contrast with the 
definitions that Terry and Bruce gave which both focused on proofs as merely a 
convincing argument. For example, Terry stated that doing a proof is "explaining clearly 
and consciously why you know something must be true" and that when doing a proof "I 
would have the kids basically explain to me why they knew something to be so." 
Interestingly, Todd and Bob also stated during their pre-interviews that they actually used 
a different definition of proof when working with students because they did not feel that 
students' could reach their ideal. In fact, the definition they used with students was very 
similar to the statement that Terry used during his interview. All of these findings are 
very similar to those found in prior research. In his work, Knuth (2002a, 2002b) found 
that most teachers initially gave a rigorous definition ofproofbut then also stated that 
they lowered their standards and accepted convincing arguments when working with 
students. 
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Prior to the professional development program, when asked about the role of 
proof, all six participants suggested that the primary role of proof in high school 
mathematics was teaching students to make logical, sound arguments. Tara exemplified 
this by stating proof was best for helping "students develop a methodology for stating 
solid arguments." She elaborated on this by saying that proof forced students to be 
organized in writing because it required them to "identify what do you know and then 
identify what are some possible ways to get additional information." Again these 
statements correlate with the findings by Knuth (2002a, 2002b ). He found that nearly all 
teachers he interviewed mentioned only the use of proof to help students make logical 
arguments while ignoring other roles of proof that mathematicians valued. These include 
using proof to communicate key mathematical ideas and to gain insight into the 
underlying mathematical structure of a situation. Interestingly, while all the participants 
mentioned the importance of proof in teaching students to make strong arguments, only 
one participant mentioned tying this skill to other subject areas. Terry stated "I always 
look beyond the specific math for the value ofproofbecause I think someone who can 
create a great proof can write a really good persuasive essay because it's the same thing 
[just] using different tools." The participants' responses, in general, suggest that their 
knowledge of the uses of proof was limited to having students make logical arguments. 
When discussing the methods that they valued when teaching students to write 
proofs, five of the participants spoke only of using teacher-directed methods of writing 
two column-deductive proofs. None of the participants mentioned using inductive 
reasoning techniques to motivate or facilitate a proof writing task. In observations of 
103 
classroom teachers, Herbst and colleagues (2010) found similar results. They noted that 
even when teachers claimed to have unique methods of teaching proof, all the teachers 
still used techniques that centered around them standing at the board and guiding the 
students' thinking. In their interviews, Todd, Bob, and Patricia reported that they put an 
emphasis on planning as a class when teaching their students to write proofs. Bob 
commented that when he taught a proof lesson in class, he "would outline all of the 
information that I know, whether it's given or [from] analyzing the figure" before writing 
the steps on the board. Patricia mentioned that she wanted her students to "focus on the 
picture and help her mark it accordingly." Terry was the only teacher to specifically use 
the term, "working backwards," as a method he used with students prior to the 
professional development program. He reported that he told his students when they got 
stuck, "if you want to prove this you need something and in order to know that you need 
to know something else and so on." Likewise, Bruce was the only teacher who 
emphasized using students' ideas to guide the proving process. He said that he used what 
he referred to as "organic methods." His definition of organic methods meant that he 
asked students to write everything they could think of which might help them solve the 
proof. He then shared those ideas on the overhead and worked with the class to develop 
an outline for the proof. 
All of the participants admitted that their students struggled to write proof under 
the methods they employed. Terry was the only teacher who provided a possible 
rationale for why this might be occurring. He suggested that he and his fellow 
participants had spent so many years doing geometric proofs that they considered them 
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easy and thus had not fully considered how to properly develop the skills that students 
needed in order to understand the proving process. 
When the category, "expectations of students during a proving task," was brought 
up during the interviews, the participants gave varying responses. Todd and Patricia 
wanted students to write formal proofs and put an emphasis on format. They expected a 
two-column proof and paid attention to the number of steps rather than the quality of 
those steps. Patricia said that first thing she looked for were the number of lines 
suggesting that too few lines meant that the proof was not detailed enough and that too 
many lines meant the students might be lost. Ellis ' (2007) research also found that 
teachers sometimes valued proofs on the basis of their appearance rather than their 
content. Bob argued that format was not really that important but that each step had to 
include some form of mathematical statement and a reason for that statement. He did 
say his students "just don't see the point of it- all the individual steps." However his 
expectations were so linked to the format of a two-column proof that he concluded 
"drilling that [two-column proof] again and again is very important." Terry, Bruce, and 
Tara wanted their students to complete deductive proofs but were willing to settle for 
less. They said that their primary hope was that students could string together the facts 
necessary to complete the proofs and that they would fill in the reasoning or "backing" 
for each statement as a class. Bieda (2010) and Baldwin (2005) both found that similar 
tacit agreements were made in many classrooms in which partially completed proofs 
were accepted as satisfactory products by the teachers. 
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In their interviews, the participants gave varying opinions about where they felt 
proof should appear within the curriculum. Half of the participants, Bruce, Terry, and 
Bob, stated that proof should be integrated into the curriculum. Bruce said that he felt, " it 
should be small portion of each topic of study and it could usually be pulled out from 
questions by asking why does that work? Prove it to me." Bob made a similar statement 
when he said he did not teach the chapter on proofs or do a formal set of lessons. 
Instead, he mentioned, "What I try to do is as I get into each major topic, I try to get them 
to develop habits of mind around what are the steps to get from this is what we know, to 
this is what we want to know." The remaining three participants viewed proof as a 
separate topic they taught during the course of the year. They believed that there should 
be specific days set aside during the course to focus only on proofs. These results are 
similar to the findings by other researchers. Despite the emphasis by NCTM (2000) and 
the CCSS (20 1 0) that proof should be integrated, Reid (20 11) found that most teachers 
still consider proof to be a standalone topic. 
These participants felt that their school district did not adequately support them in 
teaching proof. Bruce and Patricia stated that they had gone through the pacing guides 
and seen little mention of proof, suggesting to them that the departmental leadership did 
not want it to be a focus of instruction. Todd and Tara commented that they had been 
told by fellow teachers that proof was not important because it was not on the state test. 
All of the participants found this unfortunate because they enjoyed the proof writing 
process and felt that the argumentation skills that proof developed should be a major part 
of the curriculum. 
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Prior to the professional development program, the participants ' interview 
responses were largely in line with findings from prior research. Similar to prior 
research, 67% of participants had rigorous definitions of the term proofbut were willing 
to settle for convincing arguments and incomplete proofs when working with students. 
All of the participants also argued that the key role of proof was for developing 
argumentation skills (Knuth 2002a, 2002b). In addition, 83% of the participants felt that 
proof was best taught using a teacher-driven approach that did not include inductive 
reasoning components. The participants were concerned because they recognized that 
their methods of teaching were not successful. Furthermore, they felt they were not 
getting support from the district to improve the teaching and learning of proof since the 
messages they received from administrators and fellow teachers encouraged them not to 
include proof in their instruction. 
Beliefs After the Professional Development Program 
After the professional development program, the participants each took part in an 
individual post-interview. The questions asked were the same eight questions that were 
used on the pre-interview. Therefore, the category of questions once again included 
definition of proof, the role of proof, methods of teaching proof, and the expectations of 
students during a proof activity. The post interviews were completed within two weeks 
ofthe conclusion of the professional development program. 
In the post-interviews, the definitions of all six participants aligned with the 
standard definition of proof. Four of the six participants did not restate a textbook 
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definition and now used their own words. In their definitions, these four put an emphasis 
on a step-by-step argument in which each step had a backing. Bob exemplified this by 
stating, "it's a way - starting from basic principles and ending with a conjecture- of 
showing a set of steps that in a convincing- a rigorous way - end up at the desired 
endpoint. It can be done in many ways but it needs to have fundamental backings for 
each step." Interestingly, none of the six specifically mentioned having two separate 
definitions of proof- one for themselves and one for their classroom - as had occurred in 
both the pre-interviews and Knuth's (2002a, 2002b) prior study. When asked about their 
definition, five of the participants gave their answer without hesitation. Tara still paused 
for about 30 seconds before responding. This suggests that since the participants spent 
time during the professional development program grappling with the term, they were 
better able to articulate their understanding of proof 
When discussing their views on the role of proof in the classroom, all of the 
participants again mentioned that writing proofs assists students in learning logical 
argumentation. However, Bruce, Todd, Bob, and Terry also stated that proof was 
important because it allowed students to demonstrate their mathematical knowledge. 
Bruce suggested that it was a good tool to have students show their knowledge "because 
it requires such an eminent knowledge of the mathematics to write a formal proof that has 
good depth." Bob commented that proof was "kind of a succinct form - a very compact 
form- to demonstrate all the thinking that is going on." Terry noted that "a good proof 
offered a sort of holistic understanding of a body of knowledge" and that a good proof 
shows that a student has "vocabulary or a tool box that that can be used in the future." 
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The inclusion of this role of proof was not used by teachers in Knuth's (2002a, 2002b) 
work but was noted by Weber (2008) as one of the primary reasons that mathematicians 
value proof writing. 
One category that represented a major change in the beliefs was the methods that 
participants valued in teaching proofs. Prior to the professional program, the participants 
mentioned they would use primarily teacher-centered steps to write deductive proofs. In 
the post- interview, they still valued these techniques, but five of the six participants also 
spoke of the importance of using inductive reasoning components to begin a proving task. 
Bruce felt that these components were important because it allowed "the kids to just open 
up and imagine and to be very persistent in their solving." Tara suggested that her 
teaching of proof was now more in line with the Common Core State Standards (2010) 
because "the mathematical practice standards are all moving us toward regularity and 
repeated calculations." She also stated that such teaching was more in line with the work 
mathematicians did because "they just kind of play with numbers and they see patterns 
and they say this is interesting." The five participants who stated they used data 
gathering and generalization formation through inductive reasoning also admitted that 
this was an evolving philosophy of teaching proof for them. Therefore, they felt they 
needed to continue to work on this area because writing deductive proofs without 
inductive reasoning components was the only proof writing method they had experienced 
as learners. The idea of including data gathering and generalization forming through 
inductive reasoning prior to proof writing is in line with many of the ideas for reforming 
the way proof writing is taught (NCTM, 2000; CCSS, 2010) and is supported by prior 
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research studies including Sriraman (2004), Ellis (2007), Evans (2007), and Cirrillo 
(2009). These researchers suggest that data gathering and generalizing with inductive 
reasoning is important because it allows students to gain greater insights into the tasks 
based on individual cases and pattern recognition and have a clearer picture of how to 
form a final proof. 
The one notable exception this trend was Terry, the math coach, who said that he 
would use methods that focused only on deductive reasoning and would only include 
examples or inductive reasoning as needed. He felt inductive reasoning components 
were only for students who struggled with abstraction. He said he worried about 
students believing that examples were sufficient to prove something. Interestingly, 
because he was the math coach, he was the only participant in the professional 
development program who did not regularly teach geometry, and he did not experiment 
with the tasks during the program. 
The participant's expectations for students during the actual proof writing process 
did not change significantly. Bob stated he wanted to see a completed proof which 
included "at least a clearly labeled diagram with all of the given information and each 
step in the proof with a quick reason for why it is true." Todd and Patricia still valued 
format and were looking for key words and a fixed number of lines. However, Todd 
admitted that he was willing to initially accept a list of steps with the expectation that the 
class could fill in the reasons for each step as a group. This view was one that Terry, 
Tara, and Bruce also mentioned in both their pre- and post-interviews. Similar, to the 
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findings of Bieda (2010) and Baldwin (2005), Terry, Tara, and Bruce appeared to have 
established norms where they accept incomplete products as proofs. 
When asked about how proofs should be included in the curriculum in the post-
interview, Tara advocated that proof should be integrated into the curriculum. This was a 
view that Terry, Patricia, and Bruce held in the pre-interview and continued to hold 
during the post-interview. Terry exemplified this view by saying, "I am not sure I would 
ever again introduce proof with the sort of Chapter 2 Glencoe - alright today we are 
going to do something different." Instead, he argued that he would begin the year by 
asking, "How do you know something?" and transition that into "How do you prove 
something?" by slowly introducing the necessity for reasons. The fact that 67% of 
teachers now held this view was in contrast to the Reid's (20 11) findings that most 
teachers see proof as a standalone topic. Conversely, Todd still held the view that proof 
was primarily a separate topic and advocated for a separate class so that it could be 
properly emphasized. Between these views, Bob now held a split view. He first stated, 
"I think- if we are serious about putting proofs into the curriculum we need to build it in 
as part of our weekly instruction. Every time we cover a new item, we need to bring in a 
proof to demonstrate it." However, his method for doing this was to create "a separate 
proof day for every unit." 
At the conclusion of the professional development program, the participants still 
felt that their district did not put an emphasis on teaching proof. Three participants noted 
that they had been asked several times by fellow teachers why they were participating in 
the professional development program since proof was not on the state exam. Further, 
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two still commented about feeling dismayed that proof did not appear on any of the scope 
and sequence documents used by their department. This finding was not surprising 
however, because there had not been a departmental discussion about the topic since the 
start of the professional development program. 
In the individual post-interviews, all six participants no longer used a definition 
from a textbook but used their own words and language when defining the word proof. 
Sixty-seven percent now claimed to value proof as way to communicate mathematical 
knowledge along with its use in teaching logical argumentation. This use of proof is one 
role of proof that mathematicians value that is rarely mentioned by teachers (Weber 
2008). At the conclusion of the professional development program, 83 percent of the 
teachers also thought that including data and generalizing with inductive reasoning prior 
to the proof writing process was important. This approach is effective in helping 
students write proof (Sriraman 2004, Ellis 2007, Evans 2007, and Cirrillo 2009). The 
participants' beliefs about what was acceptable proof writing from their students (e.g., the 
allowance of incomplete proofs) and the support they were getting from their school 
remained largely unchanged. 
Development of Beliefs About Teaching Proof During The Professional 
Development Program 
There appeared to be two major shifts in beliefs following the professional 
development program: a belief in the use of including inductive reasoning components 
when teaching proofs and the use of proof for students to demonstrate mathematical 
112 
knowledge. There were several factors within the professional development program 
that might have contributed to these changes. 
One factor that may have contributed to these shifts was that the participants 
seemed to gained new knowledge about the role of inductive reasoning in the proof 
process. In particular, they learned new specialized content knowledge (SCK) in the area 
of proof. At the start, most of them did not understand the term, inductive reasoning. 
While most teachers claimed to teach the proof chapter of the Glencoe book, only one 
teacher (Patricia) could define the term inductive reasoning and some participants 
initially found it confusing. Specifically, two of the participants (Todd and Bob) had a 
hard time understanding the difference between inductive reasoning and proof by 
induction, believing originally that the generation of data was the same as looking at the 
first k cases to prove the k + 1 case. One approach that may have helped them was the 
facilitator continually asking the participants to identify the parts of each the 
mathematical tasks that required students to use inductive and deductive reasoning.. This 
approach was in line with Hawley and Valli's (1999) statement that teachers' beliefs and 
understanding can only be altered when they are directly confronted with new 
experiences and ideas. Despite this emphasis, as late as Session 6 (Pentagrams and 
More problem, Craven, 2010), Todd was still asking for a definition of inductive 
reasoning and examples of the term. 
After becoming familiar with the term inductive reasoning, participants explored 
problems where students generated data and used inductive reasoning to make 
generalizations. They then were asked to try these problems with their students. Most of 
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them initially struggled to properly implement the lessons that required students to reason 
inductively (Bruce was an exception and this will be discussed later) suggesting that 
developing participants' knowledge of curriculum and teaching (KCT) for this topic was 
a challenging process. At times, participants choose not to use the inductive components 
of a lesson or assigned lessons that were not properly aligned with the current levels of 
their students. When these decisions resulted in unsuccessful lessons, the participants 
tended to blame the students. They said that failure of a lesson was due to students' lack 
of persistence. Participants initially struggled to identify the reasons their students' 
struggled, implying that their knowledge of curriculum and students (KCS) around proof 
needed further development. Furthermore, their response was to give up on the idea of 
including components in the instructional task that led to students reasoning inductively 
about the relationships in the figure. These early struggles reinforce the importance of 
Elmore's (2002a) view that any professional development program must be long enough 
to give teachers sufficient time to grapple with new ideas if they are to make significant 
changes to their teaching. This professional development program was able to support 
the participants during this period and "debug" the lessons. 
Examples of unsuccessful lessons because of dropping the inductive reasoning 
component and choosing problems not properly aligned with the ability level of students 
occurred to Bob. The first occurred when he gave his students the Pentagrams and More 
Problem (Craven, 2010) (Figure 4.1.1). In this problem, students were asked to prove 
that the sum of the five angles at the points of the pentagram sum to 180 degrees. The 
proof can be written in several ways including finding multiple triangles within the 
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pentagram or using the fact that exterior angles of any polygon sum to 360 degrees. The 
fact that the angles at the points sum to 180 is a result that is not immediately obvious. 
Thus, when setting up the task for students, the participants decided to motivate student 
thinking by having them draw several pentagrams and measure the angles at the points 
using a protractor or dynamic geometry software. 
Figure 4.1.1: Pentagrams and More 
Examine the outer angles (the angles that make up the points) of any pentagram 
(Example shown above). What do you notice? Why is this happening? 
(Craven, 2010) 
When Bob taught his lesson, he reported that he jumped straight to asking 
students to prove something they knew about the angles at the points of the pentagram. 
He did not provide them the time or directions to explore angle measurements and thus 
students did not discover the idea that these angles always summed to 180 degrees. As a 
result, he reported that his students were lost as to what was their objective and stated 
only facts they knew about the pentagon. Since no one was able to prove a result or even 
state the correct generalization, he was disappointed by the outcome. What appeared to 
help Bob make changes in his lesson plan was the sharing component of the following 
sessiOn. When he listened to other people's success with the task, he realized the 
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importance of the use of measurements. He realized he had misjudged his students' 
prior knowledge and skills and that they needed the measurement steps. He may have 
overestimated his students' knowledge since when he worked on the problem, he proved 
it quickly using his knowledge of exterior angles - a connection that his students did not 
immediately make. Bob' s actions fueled a continuing discussion among the participants 
about the importance of not dropping seemingly trivial steps that enabled students to 
gather important data and reflect on them. The necessity of these group discussions are 
supported by Weiss glass ' ( 1994) view that professional development programs must 
include mutual support networks while teachers are experiencing changes so they do not 
become frustrated and dropout. 
Another incident that influenced Bob was when he used the Hex of Py thagoras 
(Burke et al. , 2008) problem with his students (Figure 4.1.2). In this problem, three 
squares are built off the sides of a right triangle. The vertices of the squares are then 
connected to form three new triangles or one large hexagon. The problem asks how the 
areas of the four triangles compare (the original right triangle and the three new 
triangles). For any right triangle, the four triangles have the same area and this can be 
proved by noting that each of the three new triangles has a base and height in common 
with the right triangle. Many people initially believe that two of the three triangles will 
have smaller areas than the right triangle. By creating multiple examples using a pencil 
and ruler or dynamic geometry software, it becomes clear that this is not the case and 
motivates the base/height argument. 
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Figure 4.1.2: The Hex of Pythagoras 
A figure is formed by taking a triangle and then building squares off each side of the 
triangle. The vertices of the square are then connected to form triangles. 
How do the areas of the three new triangles compare to the area of the original right 
triangle? 
(Burke et al. , 2008) 
When Bob gave this problem to his class, his students became immediately lost; 
he called it a "total disaster" in terms of instruction and learning. What Bob did not 
consider was that this problem was given to the participants in the professional 
development program as a challenge problem. It took experienced teachers 45 minutes 
to solve. In fact, the facilitator had informed participants that this problem was chosen to 
enable the participants to experience the proving process from the students' point of view 
- a situation where there might be confusion and frustration. Events like this one led to 
the facilitator spending more time in the professional development program helping 
participants learn to choose appropriately leveled proof tasks. 
The moment during the professional development program when most 
participants seemed to resolve these issues was when they began to write their own tasks. 
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In Session 9, the participants finished creating a task on using similar triangles to prove 
the Pythagorean Theorem and then reflected on the task in Session 10. In designing the 
task, the participants asked their student to make several examples of the diagram shown 
in Figure 4 .1. 3 to motivate the finding of similar triangles using shared angles and 
proportional sides. This was critical because the proof can only be written by using the 
fact that the three triangles are similar and proving the two small triangles are similar 
depends on recognizing they are both similar to the large triangle. The participants then 
asked their students to translate their data into a deductive proof of the Pythagorean 
Theorem. This task was scaffolded appropriately for students; the participants spent 
time carefully considering the inductive activities to go along with the task. Less 
guidance and input was given by the facilitator. 
Figure 4.1.3: Similar Triangles and Pythagoras 
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In turn, participants' reflections on the teaching of this lesson on the Pythagorean 
Theorem at the next professional development session were more positive. Patricia 
commented, "It went fairly well, I would say 85% got a full proof. Another 5% got 
close." Bob added, "I think the kids are beginning to get a glimmer of how these things 
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can all be proven because they were doing the repeated calculations and regularity." It 
was during this session that these same teachers also discussed the importance of using 
proof to demonstrate mathematical knowledge for the first time. Patricia noted, "even 
though, they knew about similar triangles, it was good for them to show how they knew 
their example triangles were similar." Todd concluded that the task also helped him deal 
with a particularly troublesome student because the inductive process allowed this 
student to verbalize his knowledge of geometry even if he struggled to write it down." 
These positive remarks align with Gusky (1986) and Elmore's (2002a) work which 
suggest that significant changes in teachers' beliefs are only likely to occur after positive 
student outcomes are apparent. 
At the session, the participants added that they still needed to learn more even 
though they were at the end of the professional development program. Patricia said her 
main concern was "thinking of the correct inductive activities to motivate a task is what 
is tough for me - where I need to put more of my preparation time is trying to create 
those inductive reasoning ideas." Bob agreed saying, "It's basic constructions that 
people have figured out that I wish I could learn more about and do." These comments 
suggest growth in the participants' knowledge of teaching proof (KCT) but that they also 
need more time and practice. 
It appeared that in order to experience change the participants had to struggle 
through several experiences. First, they had to be continually confronted with new terms 
and ideas like inductive reasoning. Second, they had to struggle through several 
missteps in using proof tasks that included inductive reasoning activities; they didn't give 
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up at this point because of the opportunity to reflect upon and discuss their attempts and 
receive support from others. Finally, they had to be given the chance to create their own 
tasks that included an inductive reasoning component and see positive results before they 
were ready to believe in the importance of using inductive reasoning components in the 
proving process. Positive student outcomes led to the participants broadening their 
understanding of the role of proof for demonstrating mathematical knowledge. 
Section ll: The Beliefs of Bruce 
Bruce had been teaching for a total of seven years and at the high school for three 
years. He was in his late 20s. Before teaching at the high school, he worked at several 
private, public, and charter schools. At one charter school, he was the only mathematics 
teacher. This gave him a large degree of autonomy and the chance to experiment with 
different ideas. He had taught some form of geometry for six of the last seven years 
including all three at the current site. At the high school, he teaches in the wing of the 
school devoted to students who are interested in entering careers in the health and human 
services fields. He teaches three sections of geometry in 48-minute blocks. He 
complained that the limited time often did not enable him to fully complete a lesson. 
Bruce had several traits that influenced his experience in the professional 
development program and his ability to implement the ideas in his teaching. First, Bruce 
spent a lot of time trying to improve his practice by reading online articles and blogs 
about teaching. He easily became excited by a new approach. However, he tended to 
implement or at least consider implementing the ideas he read about without a lot of 
120 
analysis about the relevance, purpose, and value. During the professional development 
program, he discussed experimenting with flip classrooms in one of his algebra classes, 
was pondering removing all the chairs from his room, and using an idea called Bring 
Your Own Technology (in which students can bring any technology they want to 
complete their own math problems) because he thought they all sounded interesting. 
This trait made him willing to try almost all the ideas presented in the professional 
development program although he did not always use them as designed. 
Another trait relevant to his teaching was he did not spend a lot of time planning 
instruction. He seemed to plan his lessons on the fly. For example, he would usually 
have an idea of what he was going to do before class started, but he tended to modify it 
right before class and was often printing up fresh handouts as the class entered. 
Bruce also had a strong personality and was very comfortable taking charge. 
During the professional development sessions, he contributed to all of the conversations. 
For example, he always volunteered to bring student work to the next session and to lead 
the discussion during the tuning protocol. He took the lead during most mathematical 
experiences even when the ideas did not originally come from him. An example of this 
occurred during Session 6 when the participants were exploring the problem, Pentagrams 
and More (Craven, 2010). Bruce was baffled as to how start the proof when Bob 
mentioned that he used the fact that exterior angles added to 360 degrees and that there 
were two sets of exterior angles in the figure. Bruce immediately picked up on this idea 
and within minutes gave a complete proof off of this idea verbally before others had a 
chance to think about it. Bruce's enthusiasm and take charge attitude enabled him to 
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really get into the mathematics and ideas of the professional development program but 
also limited some of the other participants' opportunity to participate. 
In his classes, Bruce was a stickler for exact vocabulary when his students were 
explaining ideas and precision in measurement in every task that he assigned. He 
described his reasons for focus on vocabulary: "I think if they say or do that specific 
thing over and over again then it locks it in. I have been trying to be very direct about 
language and precision this year because those are the words and ideas that they see when 
they are tested. If they can describe it back with specific math terms, I think it shows a 
deeper understanding or at least an ability to speak on the same level." Bruce said he 
had developed this idea because it had been suggested in a class he had taken at a local 
university. Unfortunately, while attempting to get his students to articulate at a high 
level of precision, Bruce could lose focus on the larger mathematical point of the task. 
This caused some of his lessons to bog down. Bruce interpreted this as a lack of 
persistence on the part of his students and made him question the appropriateness of 
proof tasks at times during the professional development program. 
Beliefs Before the Professional Development 
Prior to the professional development program, like all the other participants, 
Bruce took part in an individual interview covering categories that included the definition 
of proof, the role of proof, methods of doing proofs, and expectations of students during 
proof activities. While some of his responses mirrored those of his fellow participants, 
others offered unique insights. 
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In his study, Knuth (2002a, 2002b) found that teachers often lowered their 
standards for what is a proof when working with students by accepting convincing 
arguments rather than deductive proofs. Prior to the professional development program, 
Bruce' s entire definition of proof seemed to demonstrate this acceptance. He defined 
proofs as "a logical step-by-step reasoning of why something is true or why something is 
not true." He added, "Ifl am asking a student to prove something [and] they can tell me 
in logical steps with facts - going from a beginning to an end - I would constitute it as a 
proof." He added he would like backing (his term for reasons) for those facts but 
assumed that he would have to help students provide those. Unlike other participants, 
Bruce did not appear to have two separate definitions of proof- one for himself and one 
for his students- but instead seemed to focus only on the lower threshold. 
In line with his definition of proof, Bruce stated he felt that the primary role of 
proof was to make students logical thinkers who could make sounds arguments. His 
main goal for his students was to be able say "something and understand how you can 
move from one idea to the next with solid backing behind it." He initially saw the 
secondary role of proof as giving students new mathematical knowledge. As an example 
of this, he spoke of proving the distance formula instead of memorizing it, because this 
allowed students to actually understand what they were doing rather than just plugging in 
numbers. In Knuth' s (2002a, 2002b) study, these represent the two most common 
teacher responses to questions about the role of proof. 
When teaching proof, Bruce emphasized the importance of having his students 
develop the key ideas. He frrst stated he valued having students do experiments. As an 
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example, he talked about using rulers and protractors to build examples and non-
examples of different triangles to verify the triangle congruence theorems. However, he 
mentioned this was probably the only time he used such experimentation in geometry and 
was hoping to find more ways to integrate it into his teaching. He also argued that using 
student thinking was important in the proof writing process. He reported that he 
accomplished this by using two ideas that had been suggested to him by professors from 
a local university. One was having students write down everything they could think of 
and then putting their thoughts on the projector so everyone could read them. Bruce used 
this to help students generate outlines for the proof. The other was having the students 
give their proofs verbally frrst before writing. These methods were in contrast to the 
teacher-driven norms that Hebrst and colleagues (2010) found in all their classroom 
observations. Bruce also stated that these methods were not as successful as he had 
hoped and that he was looking for other ideas to guide the proving process in his classes. 
Partially because he believed that he needed to improve his teaching of proof, 
Bruce had low expectations for his students when doing a proving task. He stated that 
even while having students write down all their ideas during a pre-write, it was "very rare 
that they will jump right to [a step-by-step] explanation without a series of leading 
questions." He added that "I rarely get a completed proof but if I was able to follow their 
pattern from start to finish- if I was able to say that this makes logical sense - I would 
take it." Since students had such difficulties with proofs, he was willing to accept 
empirical arguments as proofs. When presented with the work of a student who tore off 
the comers of several triangles to "prove" that the measures of the interior angles of a 
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triangle sums to 180 degrees, he said he would accept this from a student as a completed 
proof because "it makes sense to me and they proved this using their previous 
knowledge." This acceptance serves as a prime example of the compromises that Bieda 
(2010) and Baldwin (2005) found that many teachers make when teaching proof. 
Prior to the professional development program, Bruce' s beliefs mostly appeared 
to be similar to those of other participants in the professional development program and 
other teachers from prior research studies. His beliefs did appear to differ from his peers 
in terms of his approach to teaching proof- he seemed to believe in using student ideas 
and reasoning to guide the proof writing process. 
Beliefs After the Professional Development Program 
Following the professional development program, Bruce was asked the same set 
of questions in a post interview just like all other participants. When asked to define 
proof, Bruce was still basing his definition on logical argumentation but now put an 
emphasis on rigor. He argued that proofs are "things that really lead from a beginning to 
an end with given reasons for each step." He noted that format was not important- he 
felt that it could be in two columns, a paragraph or open response, flow chart, or picture -
but that the steps must be shown in a logical order and that each step must have a 
"fundamental basis" (another term he used for a reason). He did not mention a need to 
lower his definition when working with students in contrast to his earlier statements and 
the findings ofKnuth (2002a, 2002b). 
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One area where Bruce seemed to change significantly in his view was his beliefs 
about the role of proof. Bruce still stated he valued proof as a way to help students learn 
to make a logical argument, saying that students should see writing a proof as winning an 
argument. However, he added that he now felt that the biggest role of proof was as a 
tool for review or as a way for students to show mathematical knowledge. His main 
reason for saying this was because proof "requires such an eminent knowledge of 
mathematics to write [it] with good depth" that it shows what students really understand. 
He also suggested that he felt that proof was valuable as a way of demonstrating 
mathematical knowledge because it forced students to demonstrate how different ideas 
were interconnected. He concluded by stating logical argumentation allowed students to 
show their knowledge in way that was different from most math problems and really 
revealed whether they had reached a higher level of understanding. This belief 
represented an adoption of one of the key roles of proof that Weber (2008) had identified 
as highly valued by mathematicians. 
By the end of the professional development program, Bruce said he felt that the 
best way to start a proof activity so that students could demonstrate their mathematical 
knowledge was through the use of data gathering and generalizing through inductive 
reasoning. He stated he felt that it allowed his students to open-up, be imaginative, use 
their thinking, and draw connections between the ideas that they knew. He commented 
that he also thought that since they were better able to see the connections through their 
data gathering and generalizing, they were more willing to persevere. He also valued 
beginning his tasks with data gathering methods because it gave students a new avenue to 
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demonstrate their ideas so he knew better how to assist them in writing their final proofs. 
These thoughts correlate very closely with Sriraman's (2004) view on why 
mathematicians perform experiments when writing proofs and the successes Ellis (2007) 
saw when students wrote and refined conjectures before writing. Bruce admitted that 
while he liked these ideas, he was still new to them and needed to spend the summer 
planning so that he had more resources to use to make his class a much richer course. 
Besides the importance of instructional components that support inductive 
reasoning, Bruce also continued to say that the other way to support students in writing a 
formal proof was through the use of verbalization. He argued for this because he 
believed that it was "easier for most of our kids - to take the verbal expression and to 
write it afterwards." He stated he believed this method allowed them to see where they 
were beginning, where they were going, and how to get there. He suggested that 
verbalization was a valuable technique because the students could do it more quickly than 
the writing process and because some students refuse to write anything down unless they 
already know it is correct. Bruce was the only participant to mention these ideas but 
they are similar to the reasons that Evans (2007) and Tabach and colleagues (2010) gave 
for why verbalizing is an important step in the proof writing process. 
Despite having ideas that he felt enhanced and supported the proof writing 
process, Bruce still expressed frustration with the actual writing steps. In his post 
interview, he stated that he wanted to expect full deductive proofs from his students but 
still felt like he was "dragging them through." This led him to conclude that at best, he 
hoped to get a complete and correctly ordered list of statements from his students during 
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a proof task. If his students could provide him with this list, he was willing to discuss 
the rationale for each step as a class with the hopes that such discussion might inspire 
deeper thinking in the future. At the end of the professional development program, Bruce 
was still accepting the compromise that Baldwin (2005) and Bieda (2010) articulated 
where teachers accept incomplete proof from students. He largely attributed their 
inability to write a complete proof as a lack of persistence. He stated he believed that his 
students knew a lot of the ideas needed to write a more rigorous proof based on what he 
saw in the data gathering, generalization, and verbalization stages of the process. But he 
didn't appear to realize that the transition from one stage to next was difficult. He said 
that developing persistence in his students was one of his main goals for the following 
year but he was unsure how to accomplish it. While Bruce's knowledge of content and 
teaching and content and students regarding proof was affected by the professional 
development program, it appears that he still needs time to integrate this new knowledge 
fully into his practice .. Furthermore, his beliefs about what caused students to not persist 
with proof tasks might mitigate any changes that occurred in his mathematical knowledge 
for teaching. 
Bruce appeared to experience considerable change in his beliefs during the 
professional development program. His definition ofproofbecame rigorous, he began to 
see proof as a way of communicating mathematical knowledge, and he started to value 
the use of inductive reasoning components and verbalization when proof writing. 
However, in the end, he also noted that he still felt that formal proof writing was beyond 
the ability of his students and he was willing to accept partial proofs. 
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Development of Beliefs About Teaching Proof During The Professional 
Development Program 
As mentioned previously, Bruce was very enthusiastic about trying new things in 
his teaching. Additionally, Bruce came into the professional development program 
interested in student-centered proof development techniques. As Swan (2007) noted, a 
professional development program can give credence to a teachers' previously held 
views, thus allowing them to put new practices into effect. As a result, Bruce put a 
concerted effort into using the tasks as thoroughly as possible after each session. This 
led him to be one of the first to develop a strong belief in using generalization based on 
inductive reasoning to motivate proof tasks. His ability to have his students use inductive 
reasoning in proof tasks was the most refined by the end of the program, suggesting his 
knowledge of content and teaching around proof was positively affected. While for most 
of the participants the turning point was between Sessions 9 and 10, Bruce had a 
breakthrough much earlier. This occurred between Sessions 6 and 7 while he was doing 
the Pentagrams and More task. To help motivate the task, he reported that he gave his 
students pentagrams the night before and asked them to come up with four or five 
questions or facts about the pentagram. The students then returned the next day and used 
Geometers Sketchpad to verify the facts or answer the questions and wrote mini-proofs in 
response to their questions or facts. The class then moved on to the larger proof about 
the outer angles of the pentagram. 
In his reflections on the task, Bruce noted that he was surprised that the 
homework and the use of Geometer's Sketchpad motivated his students and that his 
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students were able to report so many facts about the pentagram through their questions 
and statements. It was at this point that Bruce began to regularly share with the group 
how he felt that proof could reveal students' knowledge and that the inductive reasoning 
components gave him a conduit to seeing this knowledge and recognizing possible 
misconceptions. Similar to Gusky (1986) findings, positive student results while using 
ideas from the professional development program served as the catalyst in changing 
Bruce's beliefs and practices about teaching proof. 
Despite this positive outcome, throughout the program, Bruce remained frustrated 
with his students' inability to complete the final step of writing complete deductive 
proofs. When he described such situations, he would often explain that students could 
not come up with the proper wording to explain ideas suggesting that perhaps his own 
rigid reactions to imprecise language were inhibiting this step. Other participants 
questioned Bruce's standards but Bruce ultimately held firm in his beliefs in preciseness. 
As Milne (2006) notes, teachers have the ultimate agency on whether they will change 
their views and professional development programs will not produce results unless a 
teacher ultimately accepts new ideas. The fact that his expectations about precision of 
his students did not change during the professional development program may have 
contributed to his perception of students' lack of success with deductive proof. 
Section ill: Beliefs of Todd 
Todd had been teaching for nine years all at the same school. He has taught 
geometry for eight of the nine years. For him, teaching was a second career. He had 
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spent the previous twenty working as a software engineer. He taught in a wing of the 
high school devoted to students interested in pursuing careers in math and science. 
During the study, he taught two sections of geometry that met every other day for 80 
minutes. Todd was involved in running a number of extracurricular activities at the 
school including the math club and meteorology club. Todd was very busy and did not 
always focus on one idea in his teaching or on his work both in and out of the 
professional development program. 
Todd had a number of traits that influenced both his teaching and his experiences 
in the professional development program. Todd at times struggled mathematically with 
common content knowledge of geometry. For example, in his own teaching he was 
unsure of the properties of different types of parallelograms (e.g. square v. rhombus) . On 
the other hand, Todd was very enthusiastic about improving his teaching and was 
constantly searching for how to do this. However, Todd's specialized content knowledge 
(SCK) was also limited so in order to improve his practice, Todd tended to look to 
external sources for lesson plans and teaching ideas. Todd was one of only two 
participants who were members of the National Council ofMathematics (NCTM) (Terry 
was the other). Todd read the Mathematics Teacher (NCTM' s high school magazine) 
cover to cover each month and pulled several of ideas from it. However, he tended to 
select classroom activities from the magazine without a careful analysis of whether the 
task was at an appropriate level for his students or well placed within his curriculum. In 
their work, Harel and Sowder ( 1998) noted that students often judged the validity of an 
idea based on its source. Todd made similar judgments about the validity of an 
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instructional task when selecting proof activities. An example of this occurred during 
Session 9 when Todd brought an article called Reader Reflections: The Scissors Proof 
(NCTM, November, 2009) to the session. He said that he planned to use the activity with 
his students because it incorporated ideas like arcs, inscribed angles, and secant angles, 
and since it came from an NCTM journal, it must be a good activity for geometry 
students. However, Todd's understanding of the proof was fragile and thus, he failed to 
realize that it was far too advanced for his students. 
Beliefs Before the Professional Development Program 
Todd was asked the same eight questions on the definition of proof, role of proof, 
methods of doing proof, and expectations of students as the other participants during his 
pre-interview. During this interview, Todd stated that his definition of proof was that it 
was "a logical group of steps that would proceed from maybe one or more given 
statements and uses knowledge of postulates and theorems to derive a conclusion either 
proving or disproving something." This was very close to the definition from the 
textbook he used in his classes. Using a textbook definition supports the observation that 
Todd seemed to have a tendency to look to an external authority for answers when 
working with mathematical ideas; he did not always appear comfortable with grappling 
with a concept and coming up with his own definition or viewpoint. 
When asked about what he believed was the role of proof in high school, Todd 
only mentioned using proof to develop logical argumentation. This is similar to what 
many high school teachers state (Knuth 2002a, 2002b ). Todd stated, "I think the role of 
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proof in high school mathematics is to get students to think in a logical manner." He 
elaborated on this by saying that proof is a way ofleaming to make "a logical progression 
-a logical thought process of going to point A to point B. It's a way of thinking." Todd 
did not mention any roles of proof other than its use in learning to make logical 
arguments. 
In order to make these logical arguments, Todd stated that the best way to teach 
proof was to emphasize planning as a whole class activity. His primary goal for students 
during a task was to help them "draw it out and then walk mentally through the steps that 
are needed so [they would] have a plan that [they] could use to actually formulate the 
wording." This view is in line with many of the findings by Herbst and colleagues 
(2008) when they observed that most teachers stood at the board and helped decide what 
should be included in a proof and when. Todd felt that the two most important steps 
when doing a proof were marking the picture up appropriately and using the givens 
"judiciously." He explained that this meant taking each given and writing out as many 
things that it implied as possible before moving on to the next given. When asked about 
what happened when his students got stuck, Todd replied that he believed the best 
method was for them to review their list of theorems as much as possible and examine the 
picture more closely until a new idea came to them. 
When asked what he expected from his students when doing a proof task, Todd 
stated he expected a well-written proof or something that "blew him away." When 
looking for a well-written proof, Todd focused on the format that he thought the 
mathematical community expected. In his mind, this was only a two-column proof 
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These were the types of proofs that he felt belonged on his midterm and final. When 
evaluating a student's proof, Todd said that he first analyzed the number of steps because 
"too few steps might indicate that it was skimmed over - like maybe there were some key 
things that might have been included that weren' t. On the other hand, too many steps 
means they might have been caught in a circle. " This suggested that Todd had 
developed what researchers refer to as a ritualistic view of proof in which he judged a 
proof by its form rather than its content (Housman & Porter, 2004). 
Todd stated that his biggest hope was that his students became good proof writers 
who were better at it than he was. He added that his favorite moments when teaching 
were when he could ask a student to share a step, solution, or idea with the class because 
it was impressive. Todd admitted that the expectation of students being better at their 
proofs than he was did not match with what was occurring in his class, and he estimated 
only about an eighth of his students were capable of his expectation. This had forced 
him to settle for only checking to see whether students had given appropriate reasons for 
certain steps and not worrying about whether the proof was 100% accurate. Furthermore, 
he stated he would probably give high marks to an empirical argument of why a 
triangle's angle measures summed to 180 degrees if the student had listed a number of 
good reasons since it was probably the best he was going to get. Despite his lofty 
expectations and hopes, like many other participants, Todd compromised his ideal on 
what constituted a proof, also supporting the findings of Bieda (2010) and Baldwin 
(2005). 
134 
Prior to the professional development program, Todd valued several ideas 
pertaining to proof that are typically held by the majority of teachers. Despite feeling that 
he was doing what he was supposed to as a teacher, he was not getting strong results from 
students and was forced to lower his standards. 
Beliefs After the Professional Development Program 
Following the professional development program, like all the other participants, 
Todd took part in a post-interview that used the same eight questions as the pre-
interview. During this interview, when Todd gave his definition of the term proof, it was 
very similar to his definition before the professional development session. He stated that, 
"my definition of a proof is a one or two or several given statements that state something 
about what you want to prove and then a collection of statements based on those given 
statements and theorems that lead to a logical conclusion of the proof itself." Todd still 
appeared to depend on the authority of mathematics textbooks in terms of defmitions and 
correctness when giving his defmition rather than fully contemplating the concept. This 
view is very typical of many high school geometry teachers as found by Harel and 
Sowder (1998). 
When asked about the role of proof, Todd again mentioned the promotion of 
logical argumentation but also mentioned using proof to demonstrate mathematical 
knowledge. Todd first stated that he thought the primary purpose of proof was to help 
train students' thought processes around logical thinking. As a secondary reason, Todd 
suggested that proof was important because it allowed students to tie ideas together and 
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could be used to reinforce or confirm knowledge that students already had. This belief 
was similar to one of the reasons Weber (2008) listed as why mathematicians value 
proof. 
When discussing what he felt were the important steps in teaching proofs, Todd 
stated that a key step was including components that led to inductive reasoning to 
motivate the students. His reasoning for this was "to battle through the negativity" that 
he was experiencing from students whenever he assigned a proving task. He said he 
believed the inductive activities were valuable because they were motivating some of his 
most negative students to try the tasks. As an example, he noted that one student was 
now showing completed proofs which he had not done previously because he did not see 
the value in the tasks. Todd commented that with this student, "I knew that deep down 
there was something going on and I couldn't quite pin it down and luckily these activities 
have started washing it out." 
However, Todd commented he did not believe there was a huge connection 
between the inductive reasoning components of the tasks and the final proof writing other 
than providing motivation. He suggested that once formal proof writing began, students 
should put their data aside and concentrate on the givens, theorems, and postulates. He 
said that the best methodology was having the students "go back to their statements and 
keep reworking the statements until they convinced themselves what they are saying 
makes sense and that they are coming to a logical conclusion." He made no mention of 
asking students to use the specific cases to make generalizations and thus guide the 
deductive process. Ellis (2007) and Sriraman (2004) argue that the key value of 
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inductive reasoning components for mathematicians and students is to gain insight into 
the key mathematical ideas. Todd did not appear to make this connection despite his 
students' successes with data gathering and generalization through inductive reasoning. 
When asked about what he expected of students, Todd still emphasized format 
above all else. He said that he did not expect paragraph proofs because two column 
proofs gave students an easier opportunity to separate their statements and reasons. 
Further, when evaluating proofs, Todd stated that his first check was to examine whether 
the number oflines was correct because if he was "expecting five lines and you've got 
more, than something went wrong." He then examined the proof for key words or key 
lines that he expected to find. This suggested that Todd had not abandoned his ritualistic 
evaluation ofproof(Houseman & Porter 2004). Todd appeared to hold some 
contradictory views as he stated that he would not expect perfection from his students 
partly because sometimes he needed to ask other teachers for help and he could not 
expect his students to do what he could not. Yet he still expected them to write perfect, 
rigorous two-column proofs. 
Just as Todd stated he believed there was no connection between the inductive 
components in a task and the deductive proof writing, he also suggested there was a 
separation between proof and the other areas in geometry. Todd's recommendation was 
that the school adopt a separate class for teaching proof- perhaps an elective. He argued 
that this was a good idea because he felt that he was dealing with "a double edged sword" 
in which he had to teach geometry content and computation as well as the separate strand 
of proof. He noted that his students failed to see the connection between the proofs and 
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the rest of mathematics and he had not really been able to explain it adequately. 
Research results suggest that students fail to see the connection between proofs and other 
strands of mathematics in many classrooms. Herbst and Brach (2006) found that many 
students in geometry classes believe proof is only about the form of the argument and 
therefore it is only legitimate to ask proof questions on recently covered material. 
Todd's failure to create a connection was notable because it seemed at odds with his 
previous comment about using proof to have students demonstrate their mathematical 
knowledge. 
Like many participants, Todd spoke of valuing the inductive reasoning 
component in his proof teaching but his rationale had more to do with motivating 
students then developing understanding. Other than this change, his views appeared to 
remain largely unaltered by the professional program. 
Development of Beliefs About Teaching Proof During The Professional 
Development Program 
Todd displayed several traits within the professional development program that 
affected his participation and his ability to use the tasks developed in it. Todd was the 
quietest member who made the fewest contributions, and he often worked by himself on 
mathematical tasks that were designed to be completed as a group. One possible reason 
for this was that Todd's mathematical background (specifically his CCK and SCK) was 
not as strong as others in the program, causing him to often struggle with the mathematics 
behind the task. For example, on the Similar Triangles and Pythagoras task the group 
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designed, he had difficulty identifying the similar triangles because he did not recognize 
that the large triangle and was similar to the smaller two. Throughout the program, Todd 
also struggled to understand the idea of inductive reasoning as he continued through 
Session 6 to ask for a definition of the term and examples. As a result, Todd often did 
not complete tasks at the same rate as the group and when asked to contribute he would 
repeat explanations given by other group members. When working with the Pentagrams 
and More Problem, Terry reported: "I would bet that whatever you do with any one of 
these pentagram points - these five pentagram points - then it is going to change 
proportionally at the other end." Three minutes later, Todd commented to the group: 
"Okay. My initial thinking would be that as this is stretched in one direction everything 
else is going to change proportionally so it would maintain that relationship because of 
that. And this is just eyeballing but this seems to grow a little bit and this narrows. I 
tend to think that everything would stretch accordingly." It appeared at times that Todd's 
understanding of the mathematical ideas inherent in the tasks was enhanced by the group 
discussions. Todd also was not secure of his mathematical knowledge. When the teachers 
were exploring a task on proving that the angle bisectors of a parallelogram form a 
rectangle, Todd's bisectors met outside of his original parallelogram- a situation that 
occurs with parallelograms whose bases are significantly longer than the heights. Todd 
immediately assumed that this was a mistake and stopped working saying that he had 
mis-measured his angles. Even after he was assured that this was a possible outcome by 
both the facilitator and group members, he still went back and claimed to have found his 
flaw- that one of his bisectors was a little off. 
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Like all the other participants, Todd attempted to use data gathering and 
generalizing built through inductive reasoning in his proving activities in his classes. 
However, it is unclear if he did so primarily because he was asked to or because he truly 
understood the connection between using inductive and deductive reasoning. What is 
clear is that his reasons for appreciating the inductive reasoning components of tasks 
were mainly because they motivated difficult students to try the proof tasks. It was not 
because he wanted students to draw connections between the facts discovered using 
inductive reasoning and then link these facts to proof using deductive reasoning. For 
example, he asked his students to put aside their inductive work on a task and write a 
formal proof; in addition, he was unable to articulate the connections between the 
geometry content and the proving tasks. Clarke's (1994) research suggests that this 
occurred because Todd's beliefs were not fully changed and Todd was attempting to 
integrate a few new ideas from the professional development program without altering 
his teaching practices. 
Summary 
In this chapter, the interview results for the participants in the professional 
development program were presented. In Section I, the results for all the participants 
were presented. These results showed that while most teachers appeared to not change 
dramatically in their definition of proof or in their expectations of students during 
proving activities, there was a shift in the way participants believed that proofs should be 
taught. Primarily, this related to the belief that tasks needed to include inductive 
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activities that would assist students in generalizing key ideas. In addition, there was also 
an apparent shift in what the participants believed was the role of proof. While all 
teachers believed throughout the study that proof was critical for learning to make logical 
arguments, some teachers after the professional development program also seemed to 
believe that it had a role in enabling students to demonstrate their mathematical 
knowledge. In Section II and III, interview results from the two case studies were 
presented including differences in how these participants developed a belief in the need 
for using inductive activities. In Section II, the interview results for Bruce were 
described. Bruce stated that he began using inductive activities to open up student 
thinking and provide a way for them to demonstrate their mathematical knowledge. In 
Section III, the interview results from Todd are presented. Todd suggested that he felt 
that inductive activities were a device to motivate students to fmish a task and not hold a 
negative attitude toward geometry class. These varying reasons for changing the way 
proofs are taught also correlated with apparent changes in beliefs about the role of proof. 
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CHAPTER V: CLASSROOM OBSERVATIONS 
In this chapter, the teaching practices before and after the professional 
development program of the two case study participants, Bruce and Todd, are described. 
Each participant was observed teaching four times on days when they were teaching 
proof tasks. For both participants, one observation was done before the professional 
development program and three more were done after the program. The data collected 
from each observation included transcripts of the class sessions and all handouts given to 
the class. Data were analyzed using the Instructional Quality Analysis Rubric (IQA) 
(Junkers, 2006) and Teacher Utterance Rubric (Blanton & Stylianou, 2011). The chapter 
is divided into two parts. In Section I, the practices of Bruce are described. In Section II, 
the practices of Todd are described. 
Section 1: The Teaching Practices of Bruce 
As reported in Chapter 4, teaching is a first career for Bruce. He has been 
teaching for seven years; the last three, he has been teaching geometry and other 
mathematics courses at his current school. A major change in his beliefs about the 
teaching of proof appeared to occur during and after the professional development 
program. During his final interview, he stated that activities built around inductive 
reasoning should be used to begin proof tasks. This was because such tasks made 
students' thinking more apparent which allowed him to be better able to identify gaps in 
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their understanding. He also thought that using data to support generalizations helped his 
students better prepare to write a formal proof by offering them insight into the key 
arguments. His beliefs about the role of proof in instruction also seemed to change. 
After the professional development program, he stated that proving tasks should be used 
to showcase students' knowledge as well as to teach students to make logical arguments. 
Four observations were made of one section ofBruce's geometry classes. One 
observation was made the week prior to the start of the professional development 
program. The other three observations occurred during the week after the professional 
development program. The observed classes met for 48-minute periods in the early 
afternoon. There were twenty students in this section of geometry; seven males and 
thirteen females. In each session, the students sat in three rows of pairs facing the board, 
and they were frequently asked to collaborate with their partner. Bruce had a document 
camera and projector in the front of the classroom which he used throughout each of his 
lessons. This geometry section was classified by the school as a college preparatory 
geometry class; the majority of students were sophomores. 
During each observation, the class discussions were audio recorded and then 
transcribed. Additionally, examples of the class handouts were collected and field notes 
were taken to record what was written on the board. These data were used to analyze the 
observation in two ways. First, each task used during instruction was rated using the 
Instructional Quality Analysis (IQA) rubrics (Junker, 2006) as written, set-up, and 
implemented on a scale of 0-4 with 4 representing the highest level of cognitive demand. 
A geometric proof task rated as a 4 would represent a task where students were asked to 
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make a generalization and then prove that generalization. A task rated as a 3 would 
require the creation of a generalization but no proof. A task rated as a 2 required students 
to follow a set procedure often with teacher guidance. Tasks rated as 1 involved only 
memorization and those rated as 0 did not involve any mathematics. 
The transcripts of these observed lessons were also examined in terms of what the 
teacher said during each lesson. Teacher utterances were coded using the Teacher 
Utterance rubric (Blanton & Stylianou, 2011) as either didactive (when a teacher brings 
his or her mathematical knowledge into the conversation), directive (when a teacher 
provides immediate feedback to the students), transactive (when a teacher requests 
critiques, explanations, justification, clarifications, and elaborations), or facilitative 
(when a teacher revoices or confirms a student's ideas). The first two types of utterances 
(didactive and directive) give the teacher control of the proving activity and position the 
students as passive observers. The second two types of utterances (transactive and 
facilitative) give the students more control over the proving task and makes them more 
active participants in the learning process. 
Pre-Professional Development Observation 
During the pre-observation, the lesson that Bruce taught was a combination of 
two tasks built around the topic of side-side-side congruence. The first task asked 
students to graph two triangles in a coordinate plane and then prove why the two triangles 
were congruent. In the second part of the task, the class worked on a question from their 
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textbook in which they were asked to prove that the median of an isosceles triangle 
divides the triangle into two congruent triangles. 
The first task began as soon as students walked into the room. On the overhead 
screen, students were given the following directions: 
1. Plot the points A (0,3), B (1,10), C (5 ,5), D (6, 7), E (7, 14), and F (11,12). 
2. Connect the points in order to form triangle ABC and triangle DEF. 
3. Find the length of each side using the distance formula. 
4. Explain why the triangles are congruent by side-side-side. 
The student were told to begin working on the steps immediately and that they 
would have ten minutes to complete the graphing, calculating and explanation. Bruce 
gave each student a sheet of graph paper and a ruler to perform their work. The actual 
work on the task took approximately 20 minutes. 
During this task, many students struggled to plot the points correctly and to apply 
the distance formula correctly. In both cases, Bruce took over the task and re-explained 
each process. At this point, the only student input was answering short factual questions 
that Bruce asked as he went through the process. All the key ideas came from the teacher 
through the use of didactive utterances such as "We can actually find an exact 
measurement of this [pointing at points A and B]. So we have what? Fifty equals this 
side. Squared. Right. So this is going to be the square root of 50." In his post-
interview, Bruce reported that he felt frustrated that his students could not remember the 
correct procedures and that he had to do so much explaining at the board. 
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Using the Instructional Quality Analysis (IQA) rubric (Junker, 2006), the first 
task was rated a two as written because it specifically asked students to follow of a set 
procedures to determine that two specific triangles were congruent. Students were not 
asked to do any gather any data or make any generalizations. It was rated as a 2 as set-up 
because Bruce used his written directions when he asked students to begin the 
assignment. It was rated a two as implemented because Bruce had the students do the 
task exactly as it was written. Furthermore, the writing of explanations was done largely 
by Bruce at the board when he noticed a lack of progress. This task on graphing the 
points of the triangles and then determining congruence might have been rated higher if 
students were asked to determine congruence by using their own methods, but in his 
written instructions, Bruce asked the students to use the distance formula to find the 
length of the sides of the triangle and to prove congruence of the two triangles using side-
side-side. He reported that he did this because they needed practice. 
After the first task was finished, the class was introduced to the second task: 
proving the median of an isosceles triangle divides the triangle into two congruent 
triangles. To begin this task, Bruce displayed the proof question from the text on the 
overhead screen (as seen in Figure 5 .1.1 ). 
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Figure 5.1.1: Isosceles Triangle Median Theorem 
B 0 C 
Given: Isosceles Triangle ABC with median AD 
Prove: Triangle ABD is congruent to triangle ACD 
(Boyd et al., 1998, p. 206) 
For the first step, Bruce asked students to develop their own "proof frameworks" 
before the class discussion. Bruce described a proof framework as a rough outline of the 
key steps that are needed to be included in the proof. As students worked on their 
frameworks, he asked them questions like "What does that mean to you when they say 
that? Try to pull out how you think about that. " This development of proof frameworks 
represented the "organic thinking" by his students that Bruce said that he valued during 
the pre-interview. However, instead of displaying students' thoughts on the board as he 
said he often did, he instead completed the two-column proof for the students on the 
overhead screen. During the class presentation, Bruce worked through the proof, 
following what appeared to be a set of pre-determined steps. Bruce asked the students to 
tell him the steps in the proof but when a student listed the reflexive property 
immediately after the givens to show side AD was congruent to itself (see Figure 5.1.2), 
he responded, "Yeah, you skipped ahead" and wrote this fact down on the fourth line 
instead of the second. He then went back and asked the class to fill in the information he 
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thought should go in previously. He later reported he made this decision for the same 
reason he wanted precise vocabulary. He considered it critical that if the students were 
giving a mathematical argument to someone outside the classroom, they needed to 
explain themselves clearly using the steps and order that that person would expect. It 
appeared that Bruce seemed to feel that the order of steps in a proof was critical. 
Figure 5.1.2: Isosceles Triangle Median Theorem Proof as Written by Bruce 
Lt 
B 0 c 
Given: Isosceles Triangle ABC with median AD 
Prove: Triangle ABD is congruent to triangle ACD 
Statement Reason 
1. Isosceles Triangle ABC with 1. Given 
median AD. 
2. AB is congruent to AC 2. The legs of an isosceles triangle 
are congruent 
3. BD is congruent to DC 3. The median of a triangle bisects 
the opposite side. 
4. AD is congruent to AD 4. Reflexive Property 
5. Triangle ABD is congruent to 5. Side-side-side Congruence 
triangle ACD 
The class ended with Bruce assigning homework problems that asked students to 
write proofs using side-side-side congruence. In the meeting following the lesson with 
the researcher, Bruce reported that his decision to present the proof was based on timing 
and was not what he had initially planned to do. He stated that his next steps would be 
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to have students work with side-angle-side congruency and eventually disprove angle-
side-side congruency. 
This second task, a standard textbook proof task, was also rated a two as written 
because students were not asked to gather any data to verify the truth of the statement. It 
was rated a two as set-up because Bruce did not modify the task as written and did not 
modify the task in any way. It was rated a two as implemented because the ultimate 
focus of the lesson was the procedure of writing a correctly formatted two-column proof. 
There was little ambiguity about the truth of the theorem given the image in the problem 
and the actions ofBruce. He provided most of the information during his presentation at 
the board. In fact, the only time that Bruce gave control over the mathematics to his 
students was when he asked them to form their proof frameworks. These observations 
correlated with Herbst and colleagues (2010) findings that during many proof activities, 
the truth of the statement was suggested by the given figure and the teacher acted as a 
"gatekeeper" and ultimately determined the form and the content of the proof. 
In both tasks, Bruce frequently took control of the proof activity; most of his 
utterances were didactive (58%) and directive (21 %). The remaining utterances were 
transactive (21%) and only occurred during the phase when he was asking students to 
pre-write their proof plans in the 2nd task. 
Post-Professional Development: Day 1 
In the first post-professional development program lesson, Bruce introduced his 
students to the inscribed angle theorem which states that the measure of an inscribed 
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angle in a circle is equal to half the measure of the intercepted arc. Bruce only had his 
students work with one of the three cases that are needed to prove this theorem. In his 
post-observation interview, Bruce stated that he felt that this was the easiest case for his 
students to see and was unsure if his students would be able to work with the other two. 
The actual problem from the text used by Bruce is shown in Figure 5.1.3. 
Figure 5.1.3: Inscribed Angle Theorem: Textbook Version 
Given: Circle 0 with inscribed angle ABC on diameter BC. 
Prove: m<ABC = 112m arcAC 
(Boyd et al, 1998, p. 466) 
Bruce chose to modify the task. This modification and what was posted on the 
board as students walked into the room is seen in Figure 5.1.4. 
Figure 5.1.4: Inscribed Angle Theorem: Bruce's Version 
Step 1: Select several values for z. 
Step 2: Use your geometric knowledge to solve for x and the arc measure AC. 
Step 3: Describe what is happening. Can you prove why this is happening? 
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Specifically, in his written instructions, Bruce gave his students the picture from 
the text and asked his students to select several values for z. Then using their knowledge 
of geometric properties for each value of z, he asked them to solve for the corresponding 
value of x and measure of arc, AC. He verbally reminded students that the properties 
they should use included facts about isosceles triangles and exterior angles of triangles. 
During his pre-observation interview, Bruce reported that his students had learned in 
previous classes that the measure of the central angle in a circle is equal to the arc 
opposite it. After students had solved for the various values of x, Bruce originally 
planned to have them prove the fact that the inscribed angle was half the measure of the 
intercepted arc. 
Once students began experimenting with various values of z, Bruce spent several 
minutes talking to each group of students. This caused the data gathering and 
generalizing phase to take almost half of the 48-minute period. During his post-
observation interview, Bruce stated this was more time than he had planned to use and he 
attributed this to his own lack of planning. However, by the end of this phase, most 
students were able to generalize that the measure of an inscribed angle is half the measure 
of the intercepted arc. 
To move the lesson to the proving phase, Bruce stated: "So we are practicing with 
some circles with specific numbers but now we are going to start looking at every circle. 
Okay? Any circle that has an inscribed angle, how can we prove that it is half of its 
intercepted arc?" He then asked his students to collaborate with their partners and work 
out a proof plan stating, "But now, instead of taking my word for it, how can you prove 
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this? With the person next to you, I want you to come up with a two-minute game plan 
to prove this. We only have 19 minutes left so we have to make this quick." Students set 
to work, and after students had come up with a game plan and explained their ideas on 
their papers, Bruce decided to show several examples of what students were thinking on 
the document camera. However, he quickly noticed the period was almost over and 
decided to finish the proof on the board for the students. He walked through the proof at 
the board reminding students to remember key facts with lines like, "Remember [in a 
triangle] the exterior angle is equal to the two remote interior angles." In this case, Bruce 
ultimately abandoned the methods encouraged by the professional development program 
in favor of efficiency. After he had finished the proof, Bruce assigned a number of 
textbook problems involving inscribed angles and intercepted arcs. 
Using the IQA rubric (Junker, 2006), the lesson as written was rated as a four 
because it asked students to generate examples, come up with the generalization that the 
measure of the inscribed angle was half the measure of the intercepted arc, and then 
prove that assertion. The data gathering that Bruce asked for was the type of activity that 
Ellis (2007) suggested leads to better understanding by students during proof writing. 
However, the diagram given to students (see Figure 5.3) still suggested the conclusion 
prior to the data gathering, like many of the figures that Herbst and colleagues (2010) 
found in their examination of proof lessons. It was given a score of four as set-up 
because the teacher did not change the task when he presented it to the class. Its rating 
fell to a three in implementation because instead of having his students complete the 
proof, Bruce proved it on the board for them. In his post-observation interview, he stated 
152 
that he was running out of time and he did not want to extend the lesson into another 
period. Bruce reported being dissatisfied with having to do the proof on the board but 
said that he was tom between spending another day on the lesson or just wrapping it up. 
Despite his claims of valuing data gathering and generalizing, Bruce appeared to be still 
working out the details of how to balance the inductive reasoning component and the 
creation of a deductive proof. He was torn between engaging his students in learning 
through data gathering and generalizing with inductive reasoning and getting through the 
curriculum to meet the state standards. It is not surprising that Bruce was having 
difficulty implementing the new pedagogy he learned in the professional development 
program seamlessly. According to Elmore (2002a), participants often finish a 
professional development program with conflicting viewpoints and it takes a long time to 
resolve these conflicts. 
Since Bruce completed the proof for students on the board most of his utterances 
were didactive (54%) or directive (25%). He used primarily transactive (14%) and 
facilitative (7%) statements when he was trying to get students to explain their plans. 
Post-Professional Development Lesson Plan: Day 2 
The next two lessons observed involved a two-day sequence in which Bruce 
presented a proving task informally called the butterfly theorem. This lesson was not 
originally designed by Bruce to take two days but ended up being extended based on 
decisions and circumstances that arose during the first day. In the butterfly theorem, the 
students proved that no matter where they put four points on a circle, connecting the 
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points always formed two similar triangles. The key step in the proof is recognizing that 
inscribed angles that intercept the same arc are congruent which enables the students to 
prove that the triangles are similar by angle-angle. The problem as shown in the text 
used by Bruce is shown in Figure 5.1.5. 
Figure 5.1.5: The Butterfly Theorem (Textbook Version) 
Given: Circle 0 with intersecting chords BA and CD. 
Prove: Triangle CEA is similar to triangle BED. 
(Boyd et al, 1998, p. 467) 
Instead of using the task as written in the textbook, Bruce again rewrote the task 
so it would focus more on data gathering and inductive reasoning. His version of the task 
which was on the overhead screen as students entered the class is shown in Figure 5.1.6. 
Figure 5.1.6: The Butterfly Theorem (Bruce's Version) 
0 
1. Place the points A, B, C, and D around the circle counterclockwise. 
2. Connect A to C and D 
3. Connect B to C and D 
4. Measure the four inscribed angles 
5. Compare your results with your neighbors. 
6. What do you notice? Prove what you discover. 
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Students also received a ruler, protractor, and a handout of the rewritten problem. 
Students were to record their work on this sheet. The written and verbal directions called 
for the students to place four points on the circle (labeled A through D) and then connect 
the points to form the two triangles. The students were then asked to measure the four 
inscribed angles and compare their results with their neighbors. Bruce told students that 
for this day, their neighbors were the person next to them, the two people in front of 
them, and the two people behind them. Then students were expected to prove that the 
two triangles were similar based on the findings from the data they had gathered. 
As the first day began, Bruce told his student to begin following the instructions 
on the board. Bruce again put an emphasis on the data gathering and generalization that 
he claimed to value during the post-interview. To help facilitate this process, he asked 
students who finished quickly to go around to check with other students to make sure that 
they had followed instructions and measured correctly. Bruce used this method 
repeatedly throughout the two-day lesson. In his post-interview, he said he did it because 
he said it kept his "faster" students focused on the lesson while others finished and 
because some students were more comfortable presenting their ideas to their peers than to 
him. 
After students had spent 25 minutes drawing the picture and exploring, Bruce 
began a group discussion. It was at this point that the pace of Bruce's lesson slowed. 
First, he had several of the students show their work on the document camera to reinforce 
the desired generalization. During these presentations, Bruce appeared to become 
increasingly frustrated because of imprecision in the students' measurements. However, 
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these errors were often no more than one or two degrees. For example one student 
reported his angle measures as 50, 50, 44, and 45 . Bruce responded, "Try this one and 
this one more time [referring to the 44 and 45]. Okay, be very precise on this." After 
several similar cases, Bruce decided it was necessary to have the students re-measure 
their angles with a focus on being extremely precise. This in turn caused many students 
to become frustrated and confused regarding the purpose of their work. In fact, some 
students began to focus exclusively on who was a better measurer. Bruce tried to draw 
closure to the lesson after the re-measurement by asking the students to mark which 
angles they thought were equal on their paper. Bruce used this angle marking to finish 
the class and told the students they would complete the proof the next time they met. 
In spite of the focus on the precision of the angle measurements, many students 
appeared to be aware of the generalization that the two triangles were similar. First, one 
student showed his work on the document camera and stated that the triangles were 
similar (The student initially said "congruent" but revised his comments to "similar") 
because ofthe equal angles. This point was not picked up by Bruce. In his post-
observation interview, Bruce said he missed this point and thought it might have been 
because he only heard the word congruent. Second, when Bruce asked students to mark 
equal angles, the class as a whole immediately knew to mark consecutive angles and 
several reported to their partners that it was because they shared the same arc. 
During this observation, Bruce used a much higher percentage of transactive 
utterances (38%) as compared with the pre-observation. He turned the proving task over 
to his students and pushed them during the task to elaborate their thinking. The 
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remaining utterances primarily were didactive ( 46%) and directive (17%) and occurred 
mostly once Bruce became dissatisfied with the students measurement skills and took 
control over the task. 
Post-Professional Development Lesson Plan: Day 3 
This day's work was a continuation of the lesson begun in the previous 
observation. It occurred four days after the first lesson because Bruce had to miss a day 
of school followed by a weekend. The primary goal for the class period was to finish 
the Butterfly Proof. 
The teacher began the class by having the students redraw the circle and put four 
new points on it to remind the students of what they were doing. As students entered the 
room, they were given a sheet of paper with a circle pre-drawn on it to do their work and 
students were given verbal instructions for what to do. The initial re-drawing took about 
ten minutes. Bruce then asked the students to say one thing they remembered from the 
previous lesson. Students quickly mentioned the fact that the inscribed angles of 
intercepted arcs were equal and that this caused the triangles to be similar by angle-angle. 
In his post-observation interview, Bruce reported that he was excited by this moment 
because they had not done similarity for several months. 
Once students had reported this big idea, Bruce asked them to create a formal 
proof of the fact that the triangles were similar using a two-step process. First, he asked 
the students to tell their partner how they would write the proof. When some students 
did not do this, he was insistent saying things like, "I haven't heard a word out of you 
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unless you are telepathic. So discuss it with each other." In his post-observation 
interview, Bruce reported that he did this because many students were more comfortable 
giving a proof verbally frrst because they did not like to write things down unless they 
knew they were correct. In their own research, Evans (2007) and Tabach and colleagues 
(20 1 0) found similar reasons for the importance of students verbalizing proofs before 
writing. After the verbalization was complete, Bruce asked students to write their proof 
being as precise as possible saying to one student, "Okay, it may be here (pointing to his 
head) but how can you get it down so somebody reading it when you are not in the room 
knows for a fact what you said." 
With about 15 minutes left, Bruce noticed that some students were not coming up 
with complete proofs. He pulled the class together for a whole class discussion. 
However, instead of dominating the discussion like he did during the pre-observation and 
the first post-observation, he called on one of his stronger students and said, "Give us one 
thing that you could say so that everybody else can maybe get the rest of it themselves." 
The student gave the fact that two of the inscribed angles that intercepted the same arc 
were congruent. Bruce then allowed the class to finish the proof on their own. When 
certain students had finished their proofs, Bruce again asked them to help their peers. In 
his post-observation interview, Bruce reported that approximately 90% of the class was 
able to give him a complete proof and that the 10% who did not generally refused to turn 
in work. The success of this lesson was in contrast to Bruce' s expectation that he usually 
had to assist most students through a proof Interestingly, he said that he still felt 
dismayed that he had to call the class together to give a hint. 
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For homework, Bruce asked the students to examine four tasks that asked students 
to prove ideas using inscribed angles. The students were asked to pick one, generate 
examples, and become an expert on it. They would be asked to present their work on the 
problems the next day. 
For the second day, again because he turned the proving activity over to his class, 
there were a higher percentage of transactive prompts (30% ). He also for the first time 
used facilitative revoicing prompts (7%). The balance were didactive and directive 
utterances and were mostly used when he needed to re-oriented students who were 
especially lost so that they could complete the data gathering and generalizing portion 
and write a formal proof. 
For this two-day lesson, the task as written by Bruce was scored a four on the 
IQA rubric because it asked students to gather data by placing the four points on a circle, 
create the triangles, and then measure the angles, develop a generalization that the 
triangles would always be similar by comparing their results with their neighbors, and 
then prove that generalization. As opposed to the previous lessons and the findings of 
Herbst and colleagues (2010), Bruce had rewritten the problem so there was no diagram 
that suggested the conclusion prior to the data gathering, generalizing, and proof writing. 
It was scored a four as set-up because the teacher did not modify the task at the 
beginning; he just told the students to begin working on the instructions. The 
implementation of the lesson was also scored a four because by the end of the second 
day, most students had completed their proofs independently or with their partners. 
159 
Summary of Observations and Development of Bruce's Teaching 
Before and after the professional development program, there was considerable 
change in the IQA scores and types of utterances that Bruce used in his class according to 
the Teacher Utterance Rubric. Specifically, prior to the professional development 
program, Bruce' s scores were two's for the task as written, set-up, and implemented. In 
addition, Bruce took control over the proving task and made his students passive 
participants, causing 79% of Bruce' s utterances to be didactive and directive. In many 
ways, Bruce was using the teacher driven techniques that were common to prooflessons 
seen in prior research (Herbst et al., 2010). 
Following the professional development program, Bruce increasingly used proof 
tasks that included components on data gathering and generalizing using inductive 
reasoning. His IQA scores following the professional development program for the tasks 
as written, the task as set up, and the task as implemented were threes and fours. In 
addition, the number of transactive prompts that Bruce used also rose during the second 
and third days of post-professional development program observations when Bruce was 
teaching the Butterfly Theorem. However, it was observed that Bruce was still refining 
his use of the pedagogical techniques suggested by the professional development 
program. Specifically, Bruce continued to grapple with fmding a good balance between 
the role of efficiency versus completeness in his proof lessons, suggesting his knowledge 
of curriculum and teaching (KCT) in the area of proof was still developing. Finally, his 
own focus on precision at times was a hindrance to his students completing a proof on 
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their own in the allotted time. A summary ofBruce' s scores on the IQA and percentages 
on the Teacher Utterance Rubric are provided in Tables 5.1.1 and 5.1.2. 
Table 5.1.1: Bruce's IQA Ratings on Observed Lessons by Category 
Written Set-up Implemented 
Pre-Professional 2 2 2 
Development 
Post-PD Lesson 1 4 4 3 
Post PD Lesson 2 4 4 4 
Table 5.1.2: Bruce's Teacher Utterances on Observed Lessons by Type 
Didactive Directive Transactive Facilitative 
Pre-Professional Development 58% 21% 21% 0% 
Post-PD Lesson 1 54% 25% 14% 7% 
Post-PD Lesson2: Day 1 46% 17% 38% 0% 
Post PD Lesson 2: Day 2 42% 20% 30% 7% 
Bruce's observed lessons changed considerably. After the professional 
development program, his lessons were increasingly focused on using data gathering to 
form generalization through inductive reasoning to gain insight in order to write 
deductive proofs. One possible explanation for why these changes may have occurred 
can be seen using the Interconnected Growth Model by Clarke and Hollingsworth (2002). 
The Interconnected Growth Model argues that, for a teacher, there are four domains in 
which change can occur through the processes of enactment and reflection. These four 
domains are the external domain (the learning domain or in this project the professional 
development program), the personal domain (the teachers ' knowledge of proof), the 
domain of practice (the teaching situations in which the teacher used or expressed their 
knowledge), and the domain of consequence (student outcomes). Changes in one 
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domain are caused by an enactment from or reflection on another domain. A possible 
explanation for Bruce' s changes in teaching is mapped in Figure 5.1.7. 
Figure 5.1.7: The Interconnected Growth Model for Bruce 
Pe,ooal Domain / 
Professional 
Development 
Program 
3 
~ P<ofe,.ional Domain 
Knowledge, 
Beliefs, and 
Attitudes 
......_. _ .... ___ _____ ...__.. 
4 
As described in Chapter 4, Bruce entered the professional development program 
as a teacher who was already interested in teaching proof with a larger emphasis on 
students' ideas and reasoning. Although his use of inductive reasoning was limited, he 
described during his pre-interview his desire to have students explore and sketch out 
proofs before formal writing began. Bruce was also a teacher who liked to explore new 
ideas and was always willing to try new innovations in his classroom. Thus, he brought 
this set of practices and beliefs into the professional development program (Enactment 1 ). 
Once in the professional development program, Bruce appeared to find ideas in the 
professional development program that supported and enhanced his pre-existing beliefs 
and so he enacted the ideas from the professional development program in his own class. 
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This can be seen by his enthusiasm to try problems like Pentagrams and More and to 
focus on the inductive parts of the lesson that the participants had created (Enactment 2). 
As Swan (2007) noted, a professional development program can give credence to a 
teachers' previously held views, thus allowing them to put new practices into effect. 
When Bruce reflected on these tasks, he seemed pleased with the outcomes, and appeared 
to become increasingly interested in attempting to use more inductive reasoning in proof 
tasks with his class (Reflection 3 ). This change is supported by his comments during the 
group reflection after the participants had used Pentagrams and More in their classes and 
his post-professional development program interview that is discussed in Chapter 4. As 
Elmore (2002a) notes, teachers' beliefs rarely change until they have had the opportunity 
to field test ideas in their classes. Because of his change in beliefs, Bruce appeared to 
begin enacting more tasks with inductive reasoning components to support deductive 
proof activities in his classes as seen by the post-observation data (Enactment 4 ). 
Section ll: The Teaching Practices of Todd 
As reported in the Chapter 4, Todd was a career changer who had spent twenty 
years as an engineer and his last nine as a teacher at the high school. When interviewed 
after the professional development program, Todd reported the he was using more 
inductive reasoning methods as part of the proof tasks. However, he said he did this more 
to motivate students than to connect generalizations to deductive reasoning. In fact, he 
was unsure if there was a strong mathematical connection between inductive and 
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deductive reasoning. Like Bruce, after the professional development program, Todd also 
I 
appeared to develop a belief that proof was important because it allowed students to 
demonstrate their knowledge as well as make logical arguments. Unlike Bruce, Todd 
believed that format was critical when writing a proof and it was always the first thing 
that he checked when grading proof tasks. 
Todd was observed four days during the research project. Like Bruce, he was 
observed once before the professional development program and three times after the 
professional development program. The geometry section that was observed was 
classified by the school as a college preparatory geometry class. Todd taught in a block 
schedule, and the class observed met every other day for 80 minutes. The students in the 
class were primarily sophomores and were also taking an algebra class. The class met 
directly after lunch. There were 26 students in the class; fourteen were female and 12 
were male. The students sat in rows unless Todd asked them to form groups for certain 
tasks. There was a document camera at the front of the room but Todd did most of his 
work on the whiteboard. 
Like Bruce, when being observed, Todd' s classes were audio recorded and all 
handouts were collected. Using transcripts ofthe audio recordings and classroom 
artifacts, the tasks in each lesson were scored using the IQA rubric (Junkers, 2006) as 
written, set-up, and implemented. All teacher utterances were also scored using the 
Teacher Utterance rubrics. 
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Pre-Professional Development Observation 
During this pre-professional development program lesson, Todd gave a task that 
required his students to observe and "prove" properties of parallelograms. The activity 
involved the students tracing a parallelogram they drew on patty paper and then 
comparing the different sides, angles, and diagonals of that parallelogram. For each 
comparison, they slid their traced parallelogram to verify a parallelogram property. For 
example, in the first step, the students were expect to slide side QR on top of side DC to 
show that opposite sides were congruent (shown in Figure 5.2.1) 
Figure 5.2.1: Parallelogram Properties Task Presented by Todd 
For each step compare your results with your neighbors. 
1. Draw a pair of parallel lines that are roughly six centimeters apart. Label this 
parallelogram ABCD 
2. Trace your parallelogram on a piece of patty paper. Label this QRST. 
3. Move the patty paper with the parallelogram on top of the one you traced. What 
can you say about the lengths of the opposite sides? Record your conjectures. 
4. Rotate and move the patty paper such that SRQ is on top of BAD- how do the 
opposite angles compare? Record your conjectures. 
5. Slide down the patty paper so that QR is on top of CD. What do you notice about 
consecutive angles? Record your conjectures. 
6. Draw the diagonals in on ABCD. Label the intersection M. Draw the diagonals 
on QRST. Label the intersection N. Move QN on top ofMC. What do you 
notice? Record your conjectures. 
Image of Original Parallelogram Image of Parallelogram on Patty Paper 
Q 
t---,.,;:-'·-....-~-N<J T 
B c R 5 
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As written, the task asked students to compare their results with their neighbors before 
making any conjectures. When questioned if he considered this task a proving one, 
Todd said not formally but this was the best he could expect from his students. He felt 
that the task asked his students to make general arguments, which he considered were 
informal proofs. He reported that he had borrowed this lesson from another teacher in 
his wing of the school. 
As students entered the room, they were given a sheet of paper with the 
directions, grid paper, and patty paper. Todd' s first set of instructions asked students to 
draw a parallelogram on the grid paper and then trace it on the patty paper. He then told 
students he was going to lead them through the task and they would make generalizations 
using the parallelograms they drew. He did not want them to compare conclusions with 
their neighbor. In his post-interview, Todd reported that he made these instructional 
decisions because he wanted to maintain control of the classroom. Todd then spent about 
five minutes on each step explaining what to do with the patty paper, and then he told 
them what they should write in their conclusion boxes. He accompanied each 
explanation with a demonstration on the board of how they should be moving their patty 
paper. 
Because the lesson was taught in a procedural way, there appeared to be several 
missed opportunities for student exploration. When asked to draw parallelograms, 
several students drew squares or rhombuses but the class never discussed why these were 
specific cases of a parallelogram. In fact, it appeared that some students did not 
recognize the fact that a square and a rhombus were specific types of parallelograms. In 
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one case a student commented, "I messed up. I drew a square." Todd looked at and 
responded "but it looks good." and moved immediately on with no follow up or reference 
to how the square matched the definition written on the board. In his post-observation 
interview, Todd admitted that he was caught off guard by the fact that students made 
squares and rhombuses and did not know how to respond. 
Further, student responses suggested that students could have made the 
generalizations with much less teacher guidance. In step 6, students were asked to 
determine that the bisectors of the diagonals bisect each other by sliding line segments 
QN on top ofline segment MC to show the lengths were equal. Todd mistakenly slide 
QN onto MB - matching up the wrong diagonals, and several students immediately 
called out that he was wrong and explained in detail what he should have done instead 
suggesting they already recognized the generalization he was trying to explain. 
After finishing the task, the students were asked to spend the remaining twenty 
minutes working on a series of computational problems on angles and sides in 
parallelograms from the textbook. The students were asked to finish the problems for 
homework. 
As written, the task was scored a 3 using the IQA rubric (Junkers, 2006) because 
the students were asked to make observations, create generalizations and record them 
with their partners. However, a proof was not explicitly called for. The task as set up was 
scored a two using the IQA rubric because as he handed it out, Todd told the students 
they were going to make their generalizations based only on their own individual 
parallelograms. This direction limited the amount of data students would have to make 
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informed generalizations. The task as implemented was also scored a 2 because Todd 
took charge of the task by telling the students exactly what to do with didactive 
statements "Write down the sides that are congruent in the observation section." This 
made the task very procedural, and meant any opportunities in the task for student 
exploration were removed. 
Todd took control of the task and asked only factual short-answer questions; all of 
the mathematical knowledge was presented by him. In this lesson, all the teacher 
utterances were classified as didactive (63%) and directive (27%). 
Post-Professional Development Lesson Plan: Day 1 
Todd was observed three times after the professional development program. The 
three observations were three separate lessons on circle theorems. The first lesson was 
on the problem informally called the Butterfly Theorem (the same theorem as taught by 
Bruce). 
The class began with students spending the opening ten minutes working on a pair 
of state test review problems from the Patterns, Relationship, and Algebra Strand. Once 
students had completed this opener, Todd introduced the lesson on the Butterfly 
Theorem. Like Bruce, Todd chose to rewrite this problem for his students. An image of 
the problem as shown on the board is seen on the next page in Figure 5.2.2. 
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Figure 5.2.2: Butterfly Theorem (Todd's Version) 
40 
B 
1. What is the measure of angle A? 
2. What is the measure of angle B? 
3. What is the measure of angle C? 
4. What is the measure of angle D? 
5. What can ou sa about the two trian les? Wh ? 
Todd' s picture was different than Bruce's because he had drawn four points on 
the circle as well as provided arc measurements. Thus, his version of the task asked for 
pre-determined values of angles A, B, C, and D. After drawing the image on the board, 
Todd read the instructions to his students and then told them to begin working on finding 
the angles to answer Questions 1 through 4 and then write a short description to answer 
Question 5. He stated that in a bit they would talk about a formal proof as a class. 
Todd let his students work on the questions for approximately fifteen minutes. 
At the end of this work time, Todd called four students up to the board to explain how 
they got the measures of the four angles. During this phase ofthe lesson, Todd used 
transactive utterances as he probed students' thinking by asking questions like "Explain 
why you choose to do that to find angle D?" He asked one student to offer a proof as to 
why the two triangles were similar but before Todd allowed that student to speak, he 
outlined the proof with the class by marking up the drawing and asking many didactive 
questions such as "What should I do with this angle?" and "What about this one?" 
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Similar to the teachers in prior research by Herbst and colleagues (2010), Todd was 
activating key ideas through his questions. In fact, Todd next wrote all the steps and 
reasons on the board, completing the proof. Thus, by the time the student gave his 
explanation, the proof was already completed and the student was repeating what had 
already been said. 
For this lesson, the task was rated as written by Todd as a two using the IQA 
rubric (Junker, 2006) because instead of having students explore the problem fully, Todd 
modified the inductive components by having a pre-drawn picture on the board and 
provided arc measures. Unlike Bruce, Todd included a diagram that suggested the truth 
of the theorem similar to what Herbst and colleagues (2010) saw in many classes. Using 
the IQA rubric, the task as set-up was scored a two because Todd did not modify the task 
from its written form when he gave it to his students. The task was scored as a two using 
the IQA rubric as implemented because the students followed the prompts on the board 
and any proving was largely done by Todd. 
As mentioned, there were a number oftransactive utterances (21 %) by Todd 
when the students were at the board explaining how they found the angles. However, the 
majority ofutterances were didactive (40%) and directive (32%) because Todd was 
frequently at the board outlining the ideas for the students. 
Post-Professional Development Lesson Plan: Day 2 
In the second lesson observed, Todd aimed at having his students prove that the 
measure of an inscribed angle is half the measure of the intercepted arc. Again, like 
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Bruce, Todd only had his students focus on one case within the proof of this theorem 
because Todd did not think his students could solve all three. The inscribed angle 
theorem was a fact that the students had used the previous day, but in his pre-observation 
interview, Todd reported that he felt that they had only accepted it and not proven it. As 
written (shown in Figure 5.2.3), the task given by Todd asked the students to select 
several numbers for the central angle (z) and solve for the corresponding value of (x ). 
Students were then asked to come up with a generalization about inscribed angles and 
intercepted arcs, and prove that generalization. 
Figure 5.2.3: Inscribed Angle Theorem (Todd's Version) 
1. Select values for z and solve for the corresponding values of x . 
2. What is happening? Can you prove it? 
The class began with students spending twenty minutes working on a state test 
open-response question on measurement involving calculating the area of a dunk tank. 
Once students had completed the question and Todd had gone over each part of it, he 
introduced the task on proving the inscribed angle theorem. Todd was preparing to have 
students begin their data gathering when several students asked him to do the data 
gathering and generalization with them as a class. He agreed and generally had them 
follow along as he did the work on the board. This was a moment that suggested Todd 
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had not fully grasped the importance of including inductive reasoning activities to 
illuminate student thinking as suggested by the professional development program and by 
prior research by Sriraman (2004 ), Ellis (2007), Evans (2007), and Cirrillo (2009). 
During this presentation, the questions he asked were nearly all didactive and included, 
"We are really looking at this triangle here, right? What kind of triangle is it?'' For these 
questions, he requested short answers from students which he immediately evaluated with 
directive utterances. 
During the lesson, Todd did put an emphasis on the fact that he was 
demonstrating how the students should be gathering data and generalizing. He started 
the lesson by saying, "We need to put down some numbers and try things out. Make up 
a number for the central angle. Something realistic. Then work the problem with that 
and then try a different number and see if we get the same relationship between the 
angles or between whatever measurement we are comparing." However, Todd 
emphasized choosing something he thought was realistic ( 48 degrees) before the 
calculation as a class could begin. In addition, the importance of testing a value 
appeared to be lost on some students because they seemed to view it as trivial because the 
measure of the inscribed angles was half the measure of the intercepted arc was a fact 
they already knew and believed. This led to exchanges like: 
S 1: Half of the arc is [the inscribed angle] - right? 
T: Well, I don' t know that yet. I can' t use that. 
S2: You can find the half of 48. 
T: I don't know that. That's what I want to prove. I can' t use what I am trying to 
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prove. Right? I can't do that. What else could we label? 
After the class had worked through the problem using the 48 degree 
measurement, Todd reemphasized the need for more data gathering followed by 
generalization stating, "Did I just pick 48 out of the air? Forty-eight could change. What 
if I try a different number than 48? So we could try this again with a different number or 
we could just keep track of them as we do other things with it." He added, "But that's 
not enough. The next step is that after you convince yourself that it is true for one, you 
need to show that it is true for any number so you need to look at the theorems that we 
have and write a proof." He then proceeded to lead the students through a proof of the 
inscribed angle theorem. He did this again by writing steps and reasons on the board and 
having the students copy them down in their notebooks. 
According to the IQA rubric (Junkers, 2006), the task as written was a four 
because students were asked to gather data by selecting different values for the central 
angle (z ). Then they were asked to come up with a generalization about inscribed angles 
and intercepted arcs, and then prove that generalization. Using the IQA, the task was 
scored a two during set-up because after handing out the task, Todd agreed to go through 
the task with his students. By doing this, he changed the task from an opportunity to 
gather data and generalize to a lecture in which students were asked to only follow along. 
The task was scored a two for implementation because after setting the task up as a 
lecture, Todd followed through and did all the work at the board. 
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Because Todd took over the discussion to such an extent, almost all utterances 
were didactive (57%) or directive (38%). Only twice did he ask students to explain their 
thinking, a transactive prompt, ( 5%) and at no point did he revoice a student's comment. 
Post-Professional Development Lesson Plan: Day 3 
During the third session, Todd had his students do a task involving proving that in 
a circle, chords of equal length are equidistant from the center (see Figure 5.2.4). One of 
the proofs of this problem (and the one used exclusively by the students in this class) 
involves recognizing congruent triangles by drawing radii and using the hypotenuse-leg 
congruence theorem. 
Figure 5.2.4: Congruent Chords Problem 
1. On the circle draw two congruent chords. 
2. Measure distance from the center. How did you determine this distance? 
3. What do you notice? Compare your results with your partners. Prove your 
con·ecture. 
(Boyd et al, 1998, p. 459) 
On this day, Todd did not begin with a state test problem. Instead, as students 
entered the room, he handed them a sheet of instructions with a pre-drawn circle and told 
them to form groups of four. He then handed out rulers and told them to begin their 
work. Todd allowed his students to work for almost the entire period until he gathered 
them together for a whole class wrap-up for the last fifteen minutes of the period. This 
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uninterrupted work time included time for students to gather data and generalize results 
using inductive reasoning and time for them to work on their deductive proofs. 
During the work time, Todd moved from group to group, monitored progress, and 
asked questions as needed. Todd initially supported the data gathering during this lesson 
by asking transactive questions that turned the control of the thinking over to his students. 
These included "Why is this happening every time? Write down why you thought it." 
and "Whatever you think, put it down. I want you to convince yourselves." As time 
passed and some groups got stuck or were making limited progress, his comments 
became more didactive as he added ideas to the conversation with comments such as 
"This is called a radius - from the center to edge. Can you draw four more radii?" and 
"What types of shapes have you guys done congruency theorems with? That might 
help." These didactive comments were in contrast to previous lessons where he simply 
told the students all the information. In this case, it appeared that Todd was trying to 
provide scaffolding to his struggling students so that they could complete the task and 
discover the main idea and write a complete proof. 
After completing their data gathering and generalizing that the chords were 
equidistant from the center, the students wrote their proofs. Most students started writing 
their proofs after about forty minutes of work. As students, wrote their proofs, Todd 
continued to wander the room asking guiding questions as needed. Todd reported that all 
students had written some form of a proofby the end ofthe period, and in the last 15 
minutes, he had one student present his work at the board to close out the class. 
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In his post observation interview, Todd stated he believed that the inductive 
activities were helping motivate his students to do proofs. He used the example of the 
student who had presented at the end of the last observation class to illustrate his point. 
This student had been especially negative during the pre-observation and had said if 
proofs were a person he would beat them-up. In contrast, during this task, the student 
took charge of the task by convincing his group mates that they did not have to construct 
parallel chords for the statement to be true as some of them believed. Later, when asked, 
he willingly led the class through his proof steps on the board. Upon completion, he 
commented to the teacher that he hated doing pointless tasks but today's lesson had a 
purpose. This students' reaction to this proof task correlates with Sriraman's (2004) 
research which found students who were asked to do examples and form generalizations 
prior to formal proof writing gained a sense of intuition and interest in writing the proof 
Using the IQA rubric (Junkers, 2006), the task as written was scored a four 
because it asked the students to work in groups to create examples by drawing congruent 
chords and measure their distance from the center, to generate a generalization from those 
examples, and then to write a proof It was scored a four for set-up because Todd 
initiated the task by putting his students in groups of four and then having them begin 
their work. It was given a four during enactment because as opposed to the previous 
sessions, Todd did not intervene and do the work for the students. His instructions were 
simply to follow the steps listed on the hand out and he allowed his students the vast 
majority of the period to fulfill those instructions. 
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During the class, Todd had asked the students more questions about what they 
were thinking, thus a higher percentage of utterances were transactive (29%) then 
previously. In this session, 52% ofutterances were didactive and 14% ofthe utterances 
were directive. However, unlike the previous observations where Todd was completing 
steps for students, these utterances were frequently used to provide Todd's students with 
bits of information so they could complete their data gathering and generalizing and write 
their final proof. There were two moments when Todd revoiced a student's comments 
to see if he understood correctly what the student had said (4%). 
Summary of Observations and Development of Todd's Teaching 
Following the professional development program, there were some changes in the 
IQA scores and the types of utterances that Todd used according to the Teacher Utterance 
rubric. The varied ratings indicate that Todd was grappling with how to implement the 
pedagogy that the professional development program promoted and that Todd's 
knowledge of content for teaching (KCT) around proof was still developing. 
Prior to the professional development program, the lesson observed for Todd was 
scored a 3 as written and a 2 as set-up and implemented, according to the IQA rubric. 
Furthermore, 89% of utterances were didactive and directive as Todd provided all the key 
information with little student input. This appeared to occur because at this point, Todd 
doubted his students' ability to write proofs and instead used "informal proving 
activities" during instruction that were teacher-directed. 
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After the professional development program, Todd's scores on the IQA rubric 
were highly variable. Two ofthe three lessons, scored 4's as written because they 
focused on observation, inductive reasoning and generalization to help lead to the proof 
process. However, when set-up and implemented, one lesson remained at a 4 and the 
other was scored a two for both implementation and set-up because Todd did most of the 
work on the board. Todd' s first post professional development program lesson scored a 
two for all three categories on the IQA rubric because he had students follow a set of 
procedures. Similarly, Todd' s use of utterances also varied in the post-observations. 
There was a rise in the number of transactive utterances which lent authority to his 
students, and Todd primarily used his didactive utterances in the third post-professional 
development program observation to provide scaffolding for his students in order to 
promote their data gathering and generalizng. However, in the first two-post professional 
observations, Todd still spent the majority ofthe time at the board controlling the proving 
task and not giving authority to his students. The IQA scores and utterance data suggests 
that Todd was grappling with how to mostly effectively implement tasks that included 
inductive reasoning components so that students could gain insight into how to write their 
proofs. Despite these struggles, in his post observation interviews, Todd was enthused 
about the results because his students were more willing to complete formal proofs 
potentially because they seemed motivated by the work. A summary of the IQA ratings 
for the tasks as written, set-up, and implemented is shown in Table 5.2.1. A summary of 
Todd' s utterances are shown in Table 5.2.2 on the next page. 
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Table 5.2.1: Todd's IQA Ratings on Observed Lessons by Category 
Written Set-up Implemented 
Pre-Professional 3 2 2 
Development 
Post-PD 1 2 2 2 
PostPD 2 4 2 2 
PostPD 3 4 4 4 
Table 5.2.2: Todd's Teacher Utterances during Observed Lessons by Type 
Didactive Directive Transactive Facilitative 
Pre-Professional Development 63% 26% 11% 0% 
Post-PD 1 40% 32% 21% 7% 
Post-PD 2 57% 38% 5% 0% 
PostPD 3 52% 14% 29% 4% 
Like Bruce, mapping Todd's experiences onto the Interconnected Growth Model 
(Clarke & Hollingsworth, 2002) may offer some insight into why Todd's lessons went 
the way they did. As discussed in Chapter 4, Todd was a teacher who was working to 
improve his mathematical skills (CCK and SCK) and his teaching knowledge (KCT). 
For this reason, he struggled at times in the professional development program 
understanding processes like inductive reasoning and some of the mathematical 
experiences. Therefore, when he implemented proof tasks built around inductive 
reasoning in his own classes, he appeared to be doing it more because he was asked to 
than because he understood the main ideas and reasons. Therefore, when teaching 
lessons, he may have been influenced by two sources: the external source of the 
professional development program that was suggesting using an inductive reasoning 
component in proof tasks and his own prior beliefs that focused on formal proof writing 
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with an emphasis on format (shown by enactments 1). This could help explain why 
Todd lessons during the professional development program and in the post-observations 
were so varied. As Gusky (1986) notes, professional development programs can lead to 
teachers holding conflicting viewpoints that lead to inconsistent implementation when 
teaching. However, as seen during his post-interview, when Todd reflected on his 
teaching using the proving lessons that included inductive reasoning components, he was 
pleased because he believed that his students were more motivated to try to complete 
proof tasks (reflection 2). As a result, he planned to continue incorporating data 
gathering and generalization components into his proof lessons in the future. 
Figure 5.2.5: The Interconnected Growth Model for Todd 
Personal Domain 
Knowledge, 
Beliefs, and 
Attitudes 
Professional 
Development 
Program 
2 
~ Prof..,ional Domain 
-+------ ----- -
.t, 3 
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Summary 
In this chapter, the observations of the two case studies were described. Bruce 
and Todd were observed once before and three times after the professional development 
program. Both teachers had made changes in their teaching after the professional 
development program. In Section I, the practices of Bruce are discussed. After the 
professional development program, Bruce focused more on using inductive reasoning 
components in proof lessons and turning more of the thinking over to his students. 
However, his focus on absolute precision and wording slowed the pace of his proving 
tasks and sometimes confused his students. In Section II, the practices of Todd before 
and after the professional development program are described. After the professional 
development program, Todd was also including more inductive reasoning components in 
his proof tasks but the success ofhis implementation varied. He was better able to 
motivate his students but struggled to set up tasks in a way that gave control of the 
thinking to them. 
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CHAPTER VI: DISCUSSION 
Introduction 
This study examined the effects of a professional development program related to 
geometric proofs on practicing teachers' beliefs and teaching practices. The focus of the 
professional development program was on how to use inductive reasoning to give 
students insights into the relationships in problems and to help them write deductive 
proofs. The professional development program took place at a high-need high school 
(more than 50% receiving free or reduced lunch) in the Boston area. The participants in 
the study were five high school teachers who were teaching geometry at the time of the 
study and a mathematics coach who managed and participated in all professional 
development opportunities at the high school. All of the participants volunteered to take 
part in the professional development program and the study. Two of the participants 
were selected as case studies. 
The professional development program in this study was designed to develop 
aspects of participants' mathematical knowledge for teaching (MKT) around the area of 
geometric proof. Specifically, it focused on developing their specialized content 
knowledge (SCK), knowledge of content and teaching (KCT), and knowledge of content 
and students (KCS). The professional development program was designed to help 
participants develop more positive beliefs and teaching practices around proof by 
providing them with information about how inductive reasoning activities can be used to 
support the deductive reasoning process. The theoretical framework for this study 
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focused on how teachers change and used Clarke and Hollingsworth's Interconnected 
Growth Model to explain participants' reactions to the professional development 
program. The professional development program was modeled off of the work of 
Driscoll and colleagues (2009) and included cycles of mathematical experiences, lesson 
development, lesson implementation, and reflection. This study was seen as the first 
phase of a design-based research project. In design-based research, professional 
development programs go through cycles of implementation, reflection, and revision. 
This study served as the first round of implementation and reflection. Future studies will 
involve implementation and reflection of the revised professional development program. 
The changes that will be made to revise the professional development program will be 
discussed later in the chapter. 
Data for the study were gathered from interviews of all the participants before and 
after the professional development program, transcripts of the professional development 
sessions, and observations of the two case study participants. The two case study 
participants also took part in debriefing interviews after each classroom observation. 
All data were analyzed qualitatively. The transcripts of all interviews and professional 
development sessions were coded using codes from the work of Knuth (2002a, 2002b) as 
well as emergent codes. These codes broke into four main categories: 1) definition of 
proof, 2) the role of proof in mathematics and school, 3) the use of proof in the 
classroom, and 4) the participants' expectations of students when doing a proving task. 
The classroom observations transcripts were coded using the Teacher Utterance Rubric 
(Blanton & Stylianou, 2011 ). The Teacher Utterance Rubric categorized the teacher' s 
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utterances while teaching into four main categories: 1) didactive (when a teacher brings 
his or her mathematical knowledge into the conversation), 2) directive (when a teacher 
provides immediate feedback to the students), 3) transactive (when a teacher requests 
critiques, explanations, justification, clarifications, and elaborations), or 4) facilitative 
(when a teacher revoices or confirms a student's ideas). The first two types of utterances 
( didactive and directive) give the teacher control of the proving activity and makes the 
students passive observers. The second two types (transactive and facilitative) give the 
students control over the proving task and makes them active participants. 
The tasks used during observations were scored using the Instructional Quality 
Analysis Rubric (IQA) (Junker, 2006). The IQA rubric was used to score a lesson three 
ways- as written, as set up, and as implemented -on a scale from 0-4. A score of four 
represents a task that focused on observation, exploration, generalization, and 
justification through proof writing. A score of three means that the task was similar to a 
"4" task but it did not explicitly require justification. A score of two is used for a task 
that is based solely on using procedures. A score of one or zero represent tasks that 
require only memorization or do not require any mathematics. No lessons were scored at 
these lowest two levels for this study. 
In this chapter, the results of the study will be summarized and conclusions will 
be discussed in Section I. Section II will discuss the limitations of this study, and 
Section III will discuss future research that might follow this research project. 
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I 
Section 1: Results and Conclusions 
The results of this study are broken into two parts. The first part focuses on 
examining possible changes in the beliefs of all the participants. The second part focuses 
on examining possible changes in the case study participants' teaching practices. 
Question 1: 
What are the effects of a professional development program on the beliefs of 
secondary teachers on the role and use of reasoning and proof in geometry? 
How participants viewed the concept of proof after the professional development 
program and how these views affected their plans on how to teach proof was 
investigated. This question was analyzed using the responses to the pre- and post-
interviews from all six participants. The analysis was done using a coding scheme from 
the work ofKnuth (2002a, 2002b) as well as emergent codes. The interview questions 
and responses were broken into four categories: 1) definition of proof, 2) the role of proof 
in mathematics and school, 3) the use of proof in the classroom, and 4) the participants' 
expectations of students when doing a proving task. 
There appeared to be some changes following the professional development 
program in how the participants defined proof. Prior to the professional development 
program, all participants gave a definition of proof that stressed rigor and logic and 
appeared to be memorized or restated from their textbooks. After the professional 
development program, the participants continued to put an emphasis on the importance of 
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a rigorous definition of the term, proof. However, five of the six participants now 
articulated a definition using their own words. This result suggests that the time the 
participants spent in the professional development program, grappling with the concept of 
proof, helped them develop their own understanding of the term. In addition, prior to the 
professional development program, some of the participants held two different definitions 
of proof, one for themselves and one for their students. At the conclusion of the program, 
all of the participants held a single definition of proof that they applied to all users of 
mathematics. 
In two categories there seemed to be significant changes in the participants' views 
and consequently notable changes in their beliefs. The first category had to do with 
participants' beliefs about the role of proof in a high school geometry course. Prior to the 
professional development, all the participants suggested that the main use of proof was to 
help students make logical arguments to establish the truth of a statement. In his work, 
Knuth (2002a, 2002b) found that almost all teachers in his study held similar views. 
After the professional development program, while the majority of the participants 
continued to suggest a role of proof in a curriculum was to help students learn how to 
build logical arguments, they also stated that the proof process provided a method for 
students to demonstrate their mathematical knowledge. In their individual interviews, 
several participants suggested that proof activities allowed students to demonstrate their 
understanding of key geometric principals and the connections among these principals 
since writing detailed proofs requires a deep understanding of geometry. They noted 
that such activities also revealed gaps in students' understanding and allowed the teacher 
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to better modify their teaching to close these gaps. This additional view of the role of 
proof was more in line with the way mathematicians view the role of proof (Weber, 
2008). 
A second category where there appeared to be significant change in participants' 
beliefs was in the ways in which proof should be taught. Prior to the professional 
development, all but one of the participants believed that proofs should only be taught 
using a teacher-centered approach that focused on writing formal two-column proofs. 
When participants described this approach most often it involved the teacher writing the 
proof on the board while students offered minor input and copied the information into 
their notes. This is an instructional approach that research suggests is commonly seen in 
many classrooms but does not result in strong student outcomes (Herbst et al. , 2010). 
After the professional development, five of the six participants believed that the best way 
to teach proof was to begin with inductive reasoning activities where students generate 
data and make generalizations about relationships. The participants then wanted their 
students to use those generalizations to guide the writing of a formal proof One 
participant continued to not favor the use of data gathering and generalizing with 
inductive reasoning techniques in the teaching of proof He believed that the best way to 
teach proofs was to present formal deductive proofs. He only wanted students to explore 
different cases and create generalizations from these cases when students were struggling. 
Interestingly, this participant was the math coach who did not have the opportunity to 
personally implement any of the tasks and see positive student results. 
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By the end of the professional development program, the majority of participants 
seemed to believe that proof tasks should be introduced through activities built around 
inductive reasoning. This suggests that the professional development program did 
accomplish part of its goal and create some change in teachers' knowledge of content and 
teachings (KCT) around proof. A large amount of time in the program was spent 
exploring the power of inductive reasoning as a way to provide insight within proof tasks. 
The design of the professional development program included activities that introduced 
participants to the term inductive reasoning and each cycle of lesson development and 
implementation put an emphasis on including an inductive reasoning based component 
within each proof task. However, while five of the six participants made statements that 
indicated that they believed in the importance of including these components after the 
professional development program, their responses for why they viewed these techniques 
as valuable varied. This variation led the researcher to consider refinements to the 
professional development program in order to further develop participants' KCT. Bruce 
suggested that activities built around data gathering and generalizing with inductive 
reasoning were valuable because it allowed students to gain more insights into the 
relationships in figures and thus be better prepared to create formal proofs. Todd did not 
believe there was a strong mathematical connection between inductive and deductive 
reasoning but felt that the use of an inductive reasoning component within a task 
motivated his students and made them more willing to complete a deductive proof task. 
His response suggests that the professional development program did not fully complete 
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its goal of helping participants understand the benefits of inductive reasoning activities 
within proof tasks. 
One possible reason for these varied views is that it seems to have taken many of 
the participants a long time to begin to develop their own SCK around proof and 
understand the meaning of inductive reasoning and how to use it effectively as a 
component of a proving task. At the beginning of the professional development 
program, most of the participants did not know the definition of the phrase, inductive 
reasoning, and had difficulty remembering it once it had been presented. This was partly 
because most of the participants confused inductive reasoning with performing proofs by 
induction, and they struggled to understand how observing data, recognizing patterns, and 
creating generalizations might be used with students. This problem was exacerbated by 
the fact that the facilitator did not anticipate this struggle and did not plan enough time or 
activities to fully develop the meaning and use of inductive reasoning. Only part of one 
session was devoted fully to this concept and the participants were not given time to put 
the definition into their own words or discuss examples and non-examples. 
Because the participants struggled to understand the meaning of inductive 
reasoning, they also struggled to write and implement tasks that included a component 
that focused on using inductive reasoning to form generalizations that could be used to 
guide proof writing. Without a thorough understanding of the concept and processes, 
they lacked a clear focus on why they needed to include such activities within proof 
tasks. As a result, they often did not include these activities in their written instructions 
during task creation and sometimes dropped the data gathering and generalization 
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development phase completely during implementation. In fact, four of the six 
participants appeared to struggle with both writing and implementing a task that included 
a component built around inductive reasoning until at least Sessions 9 and 10 when they 
wrote and used their own task called Similar Triangles and Pythagoras. These were the 
last two sessions of the professional development program. Because it appeared that the 
participants understanding of the definition and use of the concept of inductive reasoning 
was still developing, it is possible that the participants might have changed their beliefs 
more significantly if there had been another round of lesson writing and implementation 
in which participants focused on including an inductive reasoning component in the 
proving task. Another iteration of lesson development might have given them more 
examples of how to use the concept and as result, a better understanding of the term. 
Participants' developing understanding might also explain why there was little 
change in their expectations of student output during a proving task. When questioned 
during the post-interview about their expectations of students during proving tasks, the 
participants' views appeared to have not have changed significantly from the pre-
interview. Most of the participants continued to have low expectations of students' 
abilities to write formal proofs. After the professional development program, two-thirds 
ofthe participants (including both case studies) said that they would still be willing to 
accept incomplete proof arguments from their students. Most explained that they only 
expected their best students to individually compile a completed list of the necessary 
steps; they assumed that the majority of their students would need to fill in the reasons for 
each step as a group, under their direction. These beliefs reinforce the need for including 
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another iteration of lesson development and implementation within the professional 
development program. It is possible that if additional time was spent on these topics, 
participants would became more comfortable and more effective in implementing lessons 
that included the selection of cases, gathering of data, and the formation of generalization 
to provide insight into writing formal deductive proofs. As a result, they might have 
seen stronger student results and raised their expectations of their students during proving 
tasks. 
Question 2: 
What are the effects of a professional development program on teachers' teaching 
practices of reasoning and proof in geometry? 
Changes in the two case studies' teaching of proof lessons was researched through 
the use of observations. This question was analyzed using the transcripts of the 
classroom observations and artifacts from the class sessions. The instructional tasks 
used by the case study participants were evaluated using the IQA rubric. Transcripts 
were also scored using the Teacher Utterance Rubric. 
The data collected suggests that there were changes in the teaching practices of 
both case study participants after the professional development program. Specifically, in 
the pre-professional development program observations, both participants taught proof by 
presenting deductive two-column proofs to students. During these lessons, they directed 
students to note particular features in geometric figures and how to work through a 
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specific proof They decided what steps and in what order should be written in the two-
column proof After the professional development program, the two case study 
participants were observed using instructional tasks that asked students to explore and 
generalize relationships in figures prior to writing a deductive proof However, the 
consistency at which they were able to implement this approach varied. 
Bruce was consistent in using instructional activities in his lessons that received 
high IQA scores. In these lessons, he pushed his students to use inductive reasoning to 
note generalizations within data and then used those generalizations to write proofs. 
During these lessons, Bruce also gave a large amount of the authority in the classroom to 
his students by allowing them to control the data gathering and generalizing and generate 
their own understanding. In contrast, Todd used a mixture of instructional tasks that at 
times focused on the procedure of writing a deductive proof and at other times focused on 
gathering data and creating generalizations to guide the writing of a formal deductive 
proof Todd was not consistent in terms of the focus of his instructional tasks; sometimes 
they were student-centered and other times they were teacher-centered. 
Why did the two participants react to the professional development program in 
such different ways? Bruce entered the program with a strong mathematics background, 
an interest in using student ideas and reasoning when doing proofs, and an enthusiasm for 
new experiences. It is possible this allowed him to quickly integrate the ideas from the 
professional development program into his teaching practice. Swan (2007) notes that a 
professional development program can lend credence to teachers' existing beliefs, 
allowing them to enact new ideas in their classrooms. 
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In contrast, Todd was a teacher who was working to improve both his 
mathematical skills (CCK and SCK) and teaching skills (KCT) and who often looked to 
external sources to tell him what to do. It appears that he implemented the ideas from 
the professional development program because he was asked to and not because he fully 
believed in or understood them. Furthermore, other factors (including prior beliefs) 
influence one's teaching practice and these may have had an effect on Todd' s 
instructional decisions. This suggests that the professional development program was 
more effective for participants who already believed in the importance of student ideas 
and reasoning in a proof task but needed guidance and support in implementing tasks as 
opposed to participants who did not already have some belief in using exploration and 
student thinking to guide learning. However, it is worth noting that despite Todd' s 
struggles with using inductive reasoning to support deductive proof writing, he was 
excited by his students' new-found enthusiasm for proof writing; he ended the 
professional development program interested in learning more and wanting to continue to 
incorporate inductive reasoning components into future lessons. 
Modifications for Future Iterations of the Professional Development Program 
This research study was designed to be the first iteration of a design-based 
research project. In a design-based research project, a professional development program 
is enacted, analyzed, refined, and then enacted again (Cobb et al, 2003). Based on the 
analysis of the results of the program using the interviews and classroom observation, 
there are several modifications that should be made prior to the next iteration. 
193 
First, the professional development program needs to be lengthened. As 
mentioned earlier, at the end ofthe program, the majority of participants were still 
developing their KCT and just beginning to become comfortable using lessons that 
included an inductive reasoning component in which students selected cases, analyzed 
data, and made generalizations about the relationships within the figures to guide formal 
proof writing. If they had had more opportunities to work as a group, it is possible that 
they would have been better able to implement lessons that included an inductive 
reasoning component effectively. In addition, if the students of participants had been 
more successful at writing proofs, this might have led to a change in participants' 
expectations for the final products their students produced. In fact, raising the 
participant' s expectations of their students' results also needs to be a larger point of 
emphasis within the professional development program. More time during the 
reflections needs to be spent on recognizing students' successes and building off of those. 
Thus, it is recommended that in the next iteration, the professional development program 
begin in the fall and continue throughout the year. This would result in a program that 
meets for 40 hours, over 20 sessions and would be in line with research by Elmore 
(2002a) in terms of the most effective length of a professional development program. 
The results of this study suggested that many teachers lacked specialized content 
knowledge (SCK) around proof and do not know the definition of inductive reasoning, let 
alone know how to integrate activities based on inductive reasoning into proof tasks. 
One area of the professional development program hat can be strengthened is that the 
facilitator assumed that the participants would already know the definition of inductive 
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reasoning and would also know the difference between inductive reasoning and proof by 
induction. As a result, the facilitator only gave the definition and had the participants 
spend part of one session examining problems that exclusively involved inductive 
reasoning. Lengthening the professional development program would address this need. 
In future iterations, more time needs to be spent frrst analyzing the definition of inductive 
reasoning. This would include having participants explain the definition in their own 
words and discuss examples and non-examples of inductive reasoning. In addition, 
participants need to be given more time to create tasks that involve inductive reasoning 
components. In these tasks, students would be asked to choose cases, collect data, and 
form generalizations. The participants would then be asked to use these tasks with their 
students and analyze the results. This might assist participants in becoming aware of the 
insights that this type of reasoning allows and the powerful effects it can have on student 
learning. 
In terms of seeing the effects of including a component based on inductive 
reasoning in a proof task, the most effective learning experience for developing the 
participants' KCT seemed to be when they wrote the Similar Triangles and Pythagoras 
task. This was the task written entirely by participants and was not based on a task the 
facilitator had presented. Another suggestion, to improve the program, would be to drop 
one of the two iterations of lesson development based on a facilitator chosen task and 
include at least one more iteration of the creation of an entirely participant-designed task. 
The task that would be dropped is the Overlapping Squares task (McCrone et al., 2010) 
because it did not lead to the in-depth discussion and multiple solutions paths that the 
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Pentagrams and More problem did. A key moment for Bruce during the professional 
development program was when he allowed his students to explore all the different 
relationships within a pentagram. A similar moment did not happen for any of the 
participants during the Overlapping Squares problem. 
Another reason an additional participant-directed proof task should be included 
was that some participants, including Todd, enacted the proof tasks in their classrooms 
because they felt they were being told to and not because they necessarily understood 
why they were using the proof tasks. Allowing the participants to design more of the 
proof tasks will help shift authority away from the facilitator and may lead the 
participants to more fully explore and understand the proof tasks they are using. 
Finally, one of the primary mathematical experiences in the professional 
development program was the exploration of the Hex of Pythagoras problem. This 
problem was designed to put the participants into the role of their students where they 
would have to make observations of cases and generalizations using inductive reasoning 
prior to writing a formal proof This activity caused the participants to struggle and took 
much longer to complete than expected. Several of the participants seemed to benefit 
from this experience because they reported being able to see how the cases they 
generated helped them formulate the final proof However, other participants appeared to 
only be confused by the problem and did not seem to benefit from the experiences 
because they failed to recognize the key fact (that triangles with the same base length and 
height have the same area). These participants also seemed to struggle with other areas 
of high school geometry in other tasks including difficulty recognizing the properties of a 
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parallelogram and understanding the difference between a diagonal and a bisector. This 
suggests that these participants not only need to learn the pedagogy for teaching proof 
tasks (SCK and KCT) that are introduced through inductive reasoning based activities but 
they also needed to strengthen their own mathematical content knowledge ( CCK) in 
terms of the geometry content they are teaching. Therefore a greater emphasis needs to 
be placed on including mathematical experiences that are proving activities but that also 
directly review or reinforce key ideas from the geometry curriculum. 
Summary of Conclusions 
1. A major change in participants' beliefs appeared to be that after the professional 
development program, the participants indicated they valued the inclusion of 
inductive reasoning activities where students generated data and made 
generalizations about relationships prior to writing formal deductive proofs. Also, 
after the program, they said they saw proof writing as a way for students to 
demonstrate their mathematical knowledge because writing a proof required a 
deep understanding of key geometrical ideas and relationships among them. 
2. Following the professional development program, the case studies' teaching was 
more focused on data gathering and creating generalization using inductive 
reasoning to help motivate and guide proof writing. However, the consistency 
with which the proof lessons were introduced through the use of activities that 
developed generalization through inductive reasoning varied. This variance 
appeared to be related to how closely the participants' vision of teaching and 
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learning aligned with the professional developments program goals prior to the 
program . . 
3. Significant changes should be made to the professional development program to 
make it longer and allow for more participant-driven lesson development. The 
focus of the content should be on the high school geometry curriculum. In 
addition, a greater emphasis needs to be placed on carefully defining the term, 
inductive reasoning, and giving the participants more time to explore this concept 
and process so that they better understand what the professional development 
program means when it asks them to include inductive reasoning components 
within proof tasks. These changes may enable participants to better understand 
the use of inductive reasoning and more effectively implement proof tasks that 
begin with inductive reasoning-based activities. 
Section IT: Limitations of Study 
The study finding must be evaluated in the context of the study design. As such 
several limitations must be considered. The following limitations are described in detail. 
1. All of the participants volunteered to take part in the professional development 
program. This suggested that they had an interest in proof and/or an interest in 
improving their teaching. It is unknown what the effects might have been if the 
participants had been required to take the professional development program or 
had not expressed an interest in improving their teaching of the proof process. 
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2. The fmal observations of the two case studies were done within a week of the end 
of the professional development program and there were no follow-up 
observations specifically during the fall of the subsequent year when the 
participants first introduced proof to their geometry classes. It is unknown what 
changes, if any, were sustained into the following year. 
3. There were only two case studies. A description of some changes was captured 
by following these two case studies but a more complete description could have 
been captured by observing more or all of the participants as they taught proof 
tasks in their classroom. 
4. There was no examination of student work. The participants reported positive 
and negative results regarding student work during reflection sessions and 
observations but a critical analysis of student work was not done during this study 
to verify the positive or negative results that teachers reported. 
5. The facilitator of the professional development program and the researcher were 
the same person. This may have created issues of objectivity on the part of the 
researcher when examining the impact of the professional development program. 
6. The length of the professional development was 20 hours, presented in 10 two-
hour sessions. The sessions lasted over one semester of a school year. A longer 
professional development program would have allowed more time to delve deeper 
into participants understanding of the proof process and changes in their beliefs. 
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Section ill: Areas of Future Study 
Based on the findings of this study and the limitations, the following 
recommendations for future research are made: 
1. The results of the study suggest that several changes could be made to the 
professional development program to enhance its effectiveness. These changes 
should be made and the program should be enacted as the next phase of design-
based research with a new set of participants in a new location. 
2. The results of this study did not examine student work. A future study should 
be performed to determine if the methods suggested in the professional 
development program not only lead to different teaching but also stronger 
student results. 
3. This study focused only on proof activities in high school geometry but inductive 
and deductive reasoning are not subject-specific topics but ideas that should be 
integrated throughout the curriculum (CCSSM). A professional development 
program should be designed and studied that uses the lessons from this study to 
enhance the use of inductive and deductive reasoning in other courses such as 
Algebra I and middle school mathematics. 
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APPENDIX A: INSTRUMENTS 
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INTERVIEW QUESTIONS 
1. Tell me about a typical day in your geometry class. 
a. What type of proving activities do you have them do? 
b. Can you give me an example? 
2. What is a proof? 
3. What constitutes a proof? 
4. What is the role ofproofin mathematics? 
5. How do you write a proof? 
6. What is the role of proof in high school mathematics education? 
7. What constitutes a proof in high school mathematics? 
8. What are your expectations for students when they are asked to do a proof? 
9. Suppose you got the following three responses to the statement: "Prove the 
sum of the angles of a triangle is 180 degrees." How would you score each of 
the responses and what feedback would you give to each student. 
c. I tore up the angles of the obtuse triangle and put them together (as shown below). 
The angles came together as a straight line, which is 180 degrees. I also tried it 
for an acute triangle as well as a right triangle and the same thing happened. 
Therefore, the sum of the measures of the interior angles of a triangle is equal to 
180 degrees. 
d. I drew a line parallel to the base of the triangle. I know n = a because alternate 
angles between two parallel lines are congruent. For the same reason, I also 
know that m = b. Since the angle measure of a line is 180 degrees, I know n + c + 
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m = 180 degrees. Substituting a for n and b for m, gives c = 180 degrees. Thus 
the sum of measures of the interior angle of a triangle is 180 degrees. 
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OBSERVATION INTERVIEWS 
Pre-Observation Questions 
1. What are your goals for the lesson? 
2. What do you plan on doing? What problems, tasks, or materials do you plan 
to use? 
3. How did you plan your lesson? 
Post-Observation Questions 
1. Did you meet your goals for the lesson? Why or why not? 
2. Discuss how you introduced the task. 
3. Walk through the work on the task. Discuss how the students worked on the 
problem. Discuss specific instances of work on the problem. 
4. What do you plan to do next? 
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APPENDIX B: PROFESSIONAL DEVELOPMENT PROGRAM 
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PROFESSIONAL DEVELOPMENT PROGRAM: PROOFS IN IDGH SCHOOL 
GEOMETRY 
Goals: 
The primary goals of this professional development program are: 
1. To develop teachers' understanding of and beliefs about the reasoning, sense 
making, and writing process that goes into writing a deductive proof. 
2. To develop teachers' abilities to teach the reasoning, sense making, and writing 
process that goes into writing a deductive proof. 
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SESSION 1: INTRODUCTION TO PROFESSIONAL 
DEVELOPMENT PROGRAM 
Goals: The goals of this session are to introduce participants to the professional 
development program, develop a working definition of the term proof, discuss the 
weaknesses of proof teaching in many classrooms, and develop a key norm for our 
investigations and lesson studies. 
Timeline: 2 Hours 
• NAEP Problem: 30 Minutes 
• Teachers Proof Backgrounds and Goals: 20 Minutes. 
• Presentation on Research on Proofs: 30 Minutes 
• Establishment of Norms: 10 Minutes 
• Proof Readiness Experience: 30 Minutes 
Materials: 
• Copies ofNAEP Problems and NAEP figures 
• Chart paper 
Description of Session: 
What We are going to do: 
In this session, we will lay the ground work for the work for the rest of the professional 
development sessions. Participants will begin by working on the NAEP problem to 
develop the type of thinking that this program will emphasize. After this, there will be a 
discussion of teachers' beliefs about proofs coming into the program and their goals for 
the professional development program. This will be followed by a PowerPoint 
presentation on research about the definition of proof, types of proof, and the current 
findings about the weaknesses in the teaching of proof. Then a norm will be noted that 
will govern the sessions as the participants and facilitator work together on proof 
activities. Finally there will be a set of proof readiness activities. The proof readiness 
activities focus on the deductive reasoning that is necessary to complete a geometric 
proof in an informal way. 
Points to Emphasize: 
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NAEP Problem: 
The emphasis in this problem is creating justification. Participants will be asked to come 
up with two explanations. This is because many high school teachers immediately jump 
to creating an algebraic explanation by assigning variables. Popular second methods are 
unrolling when examining the perimeter question and overlaying the shapes with the area 
questions. The point of opening the professional development program with this 
problem is to emphasize in the proof generation process, students should begin with 
experimentation followed by consolidating the big ideas and careful explanation. 
Another point of emphasis in this problem is that problem focuses on conceptual 
understanding and reasoning about perimeter and area rather than having students using 
"parroting methods" where they simply plug numbers into the formulas . 
Teacher Background and Goals 
Teachers will discuss personal experiences with proofs, teaching experiences with proofs, 
beliefs about proofs, and beliefs about students' ability to complete proofs. This 
discussion will be aided by prior observations, surveys, and interviews conducted by the 
facilitator and work samples that participants will be asked to bring. Questions that 
participants will be asked to consider include: 
• What is your definition of proof? 
• How do you use proof in your teaching? 
• How important do you think proof is in mathematics? In teaching? 
• What are your experiences with proof as a student? Did you do proofs in high 
school? What courses? What form? Did you do proofs in college? 
• How do you feel about the proving process? Confident? Nervous? 
• Do you think all students are capable of proof? Why or why not? 
• What do you hope to gain in this professional development program? Why are 
you attending? 
PowerPoint Presentation 
The point of the presentation is to emphasize the current state of the teaching of proof 
according to research. The three main areas of focus will be establishing a definition of 
proof, discussing the current types of proof emphasized in school, and current problems 
in the teaching of proofs in school. This PowerPoint should be modified after 
observations to match better with teachers' needs. 
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Establishment ofNorm 
This professional development program will focus on ideas that are new to many teachers 
or examine the ideas in ways that teachers have not previously considered. One norm 
that must be established during this first session is that all participants need to be willing 
to admit when they are confused and be willing to openly discuss the problems that exist 
within proof teaching. This will be aided by the facilitator discussing his own struggles 
with the material as a teacher and researcher. 
Proof Readiness Experiences 
For many students, the idea of creating a deductive proof is a new one and they need 
experience in deductive reasoning before they are ready to begin writing formal proofs. 
In this section, teachers will experience several different types of proof readiness 
experiences. In each, students use deductive reasoning without immediately dealing with 
the constraints of needing mathematical rigor. Such activities allow students to focus 
primarily on their reasoning skills which is a skill which is often overshadowed by the 
focus on form in many proof writing problems (Johnson, 2009). The participants will 
examine each type of proof-readiness activity and discuss their uses in the classroom. It 
is recommended that participants give their students many experiences with these proof-
readiness activities. Two models are to use them as regular extra credit activities or 
devote time to do such activities once a week. 
The first activity is called a "Conclusion Quickie." While this activity has no single 
answer, students need to focus on making a sustainable argument that is reasonable, 
plausible, and fits the facts. This is often a good first practice in the proof-readiness 
sequence and can immediately be followed by a class discussion on what constitutes an 
appropriate solution (Johnson, 2009). Often, students need to talk about what it means 
for something to be reasonable and plausible. 
The second activity is called a "Mystery Problem." These are often who-done it 
problems. Successful completion of these problems involves finding the pertinent data 
and ignoring extraneous information. In fact, finding relevant data is one of the key 
skills that these problems develop. In some cases, there are multiple solutions, but each 
must be supported by pertinent facts. Students must be asked to carefully explain the 
facts that they are using to make this activity relevant. 
A third type of activity is called Syllogism or Transitive Problems. The Law of 
Syllogism argues that if a implies b and b implies c, then a implies c. In syllogism 
problems, students are asked to decide whether the conclusion is valid based on the Law 
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of Syllogism. The Law of Syllogism will eventually govern the logical flow of the proof 
writing activities. 
The final activities are called "Matrix Logic Problems." Here students have to use 
deductive reasoning to determine the roles and jobs of various characters. Here the key 
step is gathering all the different pieces of evidence that can be gathered from each clue. 
Often multiple facts can be determined and some of these pieces of information are not 
obvious. For example, the first clue on Matrix Problem #2 says "Neither Catherine nor 
Marjorie is the teller, and neither is Ms. Edwards." It is often obvious to students that 
neither Catherine, Marjorie, or Ms. Edwards is the teller. What is not as obvious to many 
students is that this also implies that Ms. Edwards is not Catherine or Marjorie. A key to 
making these matrix problems effective is that students should be asked to justify and 
explain their proving process. The different matrix problems exhibited show two 
different levels of difficulty. 
The ability to ignore extraneous information and pull all the relevant information from 
situations are two key ideas that participants and students will need to use in future steps. 
Students need to be able to analyze geometric diagrams or situations and see all the 
relevant data. 
Homework 
The participants will be asked to use a series of proof-readiness activities with their 
students. They will be asked to bring back samples of student work to reflect on during 
the next session. The work they should bring is a sample of high, mid, and low level 
work as well as a sample(s) that best represent the class. Each time teachers are asked to 
bring work this will be the types of samples that are required. 
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Referring to the figure below: 
NAEP Perimeter and Area 
(NAEP 2000) 
a. Which of the shapes N, P, and Q has the longest perimeter? 
b. Bob, Carmen, and Tyler were comparing area ofN and P. Bob said N and P have 
the same area. Carmen said that the area ofN is larger. Tyler said that the area 
ofP is larger. Who is correct? 
c. How does the area of Q compare with the area of the other two shapes? 
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Conclusion Quickie 
A woman walked up to a man behind a counter and handed him a book. The man looked 
inside the book and said, "That'll be five dollars." The woman paid the man and walked 
out without the book. The man saw her leave without the book but didn't say anything. 
Why not? 
Mystery Problem # 1 
At one of her famous parties, Candace Johnson related a story to a group of guests around 
her, including Dr. Stephen Ingersoll, the world-famous detective. With a sly twinkle in 
her eye, she began. 
My great-grandfather, Vincent Johnson, panned gold from a secret stream and by 1875 
was the richest man in California. On his deathbed, he told two old prospectors, Dusty 
Rhodes and Rusty Nales, the way to the stream and agreed to let them pan for gold, 
provided that they never divulge the location or make more than one trip themselves. 
Dusty and Rusty signed a contract that stated: "Whatever gold Dusty Rhodes and Rusty 
Nales or any individual in their expedition can carry by himself from the stream to the 
home of Vincent Johnson shall be given to said individual." 
Without letting anyone else in on the potential bonanza, Dusty and Rusty set out by 
themselves the next morning, having loaded Dusty's old mule with enough tools and 
provisions to stay in the wilds for six months. They had hardly arrived at the stream when 
a landslide buried all their equipment. All the two prospectors salvaged were the shorts 
they wore at night, the mule, and two pans. 
The contract had specified that Dusty and Rusty could make only one trip, so they stayed 
on, living off wild berries and nuts. After five months, they had panned enough gold dust 
to make them rich. To prevent the gold dust from being blown away, they melted it down 
into two gold bricks. The bricks, each measuring one foot long, six inches wide, and six 
inches high, would make them both millionaires. 
My great-grandfather died while Dusty and Rusty were away, and the two old-timers 
took their case to court. Each insisted that he had carried his own gold brick as stipulated 
in the contract. 
The judge peered at the gold bricks and at the contract and awarded the gold-to whom? 
Dr. Ingersoll shook his head reproachfully. "My dear Mrs. Johnson, you are forever 
trying to trip up an old sleuth." So that the other guests could not hear, he whispered to 
her, "To " 
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Mystery Problem # 2 
On the Island of Knights and Knaves, every inhabitant is either a knight or a knave. 
Knights make only true statements and knaves make only false statements. On a visit to 
this island you meet an inhabitant who says, "This is not the first time I have said what I 
am now saying." 
Is he a knight or knave? 
Mystery Problem #3 
On the island of Knights and Knaves, every inhabitant is either a knight or a knave. 
Knights make only true statements and knaves make only false statements. On the island, 
you are attending an interesting trial. There are three defendants: Arthur, Bertrand, and 
Charles. It is known at the outset of the trial that one and only one of the three is guilty 
of the crime. The three make the following statements to the judge. 
Arthur: "Bertrand is the guilty one." 
Bertrand: "Charles is the guilty one." 
Charles: "I am innocent!" 
The judge then addresses one of the three and asks, "Did the other two both lie?" The 
man addressed by the judge replies, "No." Which of the three defendants was guilty? 
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Syllogism Problems 
Decide whether each of the following conclusions is valid: 
3) All pigs are red. All red things are cute. Therefore, all pigs are cute. 
4) All trees are green. All pines are trees. Therefore, all pines are green. 
5) All boys have two legs. All human beings have two legs. Therefore, all boys are 
human. 
6) All poodles are dogs. All poodles are barking animals. Therefore, all dogs are 
barking animals. 
7) All flowers are pretty. All daffodils are pretty. Therefore, all daffodils are 
flowers. 
8) All dragons are green, All green things are ugly. Therefore, all dragons are ugly. 
9) No crooks are honest. All burglars are crooks. Therefore, no burglars are honest. 
10) No human beings are fish. All trout are fish. No human beings are trout. 
11) All children are TV watchers. No TV watchers are pigs. No children are pigs. 
12) All rabbits are furry animals. No furry animals are snails. No snails are rabbits. 
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Matrix Problem # 1 
Carol, Sue, Jill, Dave, and Jim each play a different instrument in the school band. The 
instruments they play are: clarinet, flute, saxophone, trombone, and sousaphone. From 
the clues below, determine which instrument each student plays: 
5) Carol plays either the clarinet, saxophone, or sousaphone 
6) Sue does not play the flute 
7) Dave does not play the trombone, saxophone, flute, or clarinet. 
8) Jim plays either the sousaphone or the saxophone. 
c F Sax T Sou 
Carol 
Sue 
Jill 
Dave 
Jim 
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Matrix Problem # 2 
The Smalltown Bank has a teller, secretary, bookkeeper, guard, and manager named Mr. 
Farmer, Mr. Guinness, Ms. Landis, Ms. Viola, and Ms. Edwards, though not necessarily 
in that order. The two men are Edgar and Wilbur, while the three women are Catherine, 
Marjorie, and Shirley. From the clues below determine the fust and last names of each 
person and his or her position at the bank. 
1) Neither Catherine nor Maijorie is the teller, and neither is Ms. Edwards 
2) Shirley is not the guard. 
3) The secretary is either Catherine or Ms. Landis 
4) Neither Edgar nor Ms. Viola is the guard or the teller. 
5) Mr. Farmer, Edgar, and the bookkeeper have worked at the bank for more than 
five years. 
Ms.L Mr.F Mr.G Ms.V Ms.E Tel Sec Book Guard Man 
Catherine 
Edgar 
Wilbur 
Marjorie 
Shirley 
Teller 
Secretary 
Bkeeper 
Guard 
Manager 
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Session 1: Introduction to 
Professional Development 
Program 
Matthew Chedister 
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Which of the shapes N, P, and Q has 
the longest perimeter? Usc words or 
Jlictures to explain why. 
Response 1: 
g. ..................... 1 ...... -
..... ..... . o .. ""f-J- ~,. 
..... "'rr-""-_- --
~esponse 2: 
(Struchens 
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NAEP (1996) 
rJ~b 
• Which of the shapes N, P, and Q has the longest 
perimeter? 
, Bob, Carmen, and Tyler were comparing area of N 
and P. Bob said N and P have the same area. 
Carmen said that the area of N is larger. Tyler said 
that the area of P Is larger. 
• How does the area of Q compare with the area of the 
other two shapes? 
T~ Ooh said Nand P ll avt'thc same area . Cnnut'n satd that 
lht, arca ul N is larger. Tylcnaid I ba t t ht• area of P is 
lallo:L'r: Who i.s UJITc.,.-t? lJ):l.' WUl lis o•·pit·huc.o. lu c.tplai11 
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When and Why Should We Include 
This Problem in Our Curriculum? 
• Content: Area and Perimeter 
• Problem focuses on reasoning skills to draw 
conclusions rather than proce.dural methods 
or the "parrot method" in which students 
blindly plug in values with no knowledge as 
to the reasons why. 
Introduction to Proofs: 
Current Research 
Fall201 1 
Presenter: Matt Chedister 
-
...... 
"' --·, J.).. 
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What is our experience with 
proofs? 
• What Is your definition of proof? 
• How do you use proof in your teaching? 
• What are your experiences with proof as a 
student (both high school and college)? 
• How do you feel about the proving process? 
• Do you think all students are capable of 
proof? Why or why not? 
• What do you hope to gain in this professional 
development? Why are you attending? 
Why proof? 
• "Proof is at the heart of mathematical 
thinking, and deductive reasoning, which 
underpins the process of proving, exemplifies 
the distinction between mathematics and the 
empirical science" (Healy and Hoyles, 1998, p. 
1) 
Why proof? 
• Principles and Standards for School 
Mathematics (2003): 
Students should see the fundamental Importance of 
reasoning and proving in mathematics and be able 
to develop and evaluate the conjectures and 
arguments created by themselves and others . 
What is a Proof? 
• Four Levels: 
Authoritarian 
Empirical 
· NaiVe Empiricism 
· Crucial Experiment Empiridsm 
. Deductive Proofs 
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Why proof? 
> Common Core State Standards (20 1 0): 
Standards for Mathematical Practice: students 
should be able construct and evaluate arguments 
with an emphasis on the ability to construct and 
present Information In logical chains of reasoning 
and to recognize the importance of 
counterexamples. 
Practice Standards: In high school geometry, 
students are expected to be able to prove 
geometric theorems about parallel lines, triangles, 
and other polygons 
What is a proof? 
' A Proof Is a mathematical argument, a connected 
sequence of assertions for or against a 
mathematical claim, with the following 
characteristics: 
It uses statements accepted by the classroom 
community (set of accepted statements) that are true 
and available without further justification. 
· It employs forms of reasoning (modes of argumentation) 
that are valid and known to, or within the conceptual 
reach of the classroom community 
It Is communicated with forms of expression (modes of 
argument representation) that are appropriate and 
known to, or within the conceptual reach of the 
dassroom community. 
Key Points about Definition 
, Classroom community consists primarily of 
students 
• Teacher has a special role within that 
community 
• Focuses on students zone of proximal 
development. 
• Classroom community does not imply all 
students have same level of understanding. 
Types of Proof Used in School 
, Flow Chart of Proofs 
• Paragraph Proofs 
, Two-Column Proofs 
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What is a proof? 
• The writer of a proof: 
• Must first take note of the givens and what needs to 
be deduced. 
Organize the necessary steps that will allow the 
Inference of conclusions from the givens In a clear 
and coherent sequence. 
· Must check that each step Is a logical conclusion of 
the steps listed preVIously. 
Flow Chart Proof 
m<4 T m< 3 ... m< S ... 180 degrees 
The ana•es form a straight line 
(Healy and Hayles, 1998) 
/ 
/ 
I 
I 
I r m< l ... m< 3 + m<Z .... 180 degrus I 
~sltution ____ __ _____ j 
Paragraph Proofs 
The musures of anglu 3, 4 , and 5 add to 180 degrees . Since line I and p 
are par.JUel , we know that angles 4 and 1 are equal because they are 
~tternate. ln~rlor angles. Angles 2 and 5 are also equal for the same re;uon. 
By substitution , we can then sav tNt m< l + m<2+ m <3 ...,. 180 degrees. 
Are two column proofs bad? 
• It depends on how they are used. 
• They do provide a good way for students to 
organize ideas. 
' If there are gaps in students, understanding 
they allow: 
Students to move forward 
Students to recognize that proof is Incomplete. 
(Weiss and Herbst, 2007) 
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Two Column Proof 
' ~ -i" • 
1 . line I and pare par.~llel 1 . Given 
2. m<l ·- m<4 2. Att~mate Interior Angles 
3. m<5 - m<2 3. Alternate lntertor Mgles 
4. m<4 + m<3 > m<S ~ 180 4. Angles form a stnlght line 
5. m< l +m<2 + m<3 = 180 5. Subst!Wtlon 
The Problem : 
• Proof has been viewed as a stand alone topic 
and has not been integrated within other 
topics as mathematical language. 
• The teaching of proof has been highly 
proceduralized. 
Proceduralized Teaching of Proof 
, Teacher Norms: 
est.lblishing the gfvens and desired conclusion. 
o&~;tN.atlng the idus tht 'WOUld be used In the proof through thl! ueation 
of a dllgram. 
· Gffient.lly. the gh-tn diagram suooesu (hot tnllh oft he cooch,nion 
!!,~"t#: ~~::.::.~!:.stAnding next ro the board and deciding wha1 
, Student norms: 
producing ua.temMU and reasons In the correct order 
nl){ expected to alter the diAgram by olddlnv auxtlia.ry linu or ,;r,nglet . 
The Results of Proceduralized 
Teaching of Proofs 
McCrone and Martin, 2007: 
lr:tl(, believed that making an empirical argument 
constituted a complete proof. 
Many believed that a disorganized argument still 
constituted a proof and that a proof Is a series of steps. 
, Chazan, 1993: 
~~~ ~~j~g~~ ~;~~~:r:::n·pr:.o~~:~~fl ;6~~ibli~ ail 
• Kucherman and Hoyles, 2010: 
Students often develop two different meanings for the 
word proof - one for teacher graded work ana one for 
convincing themselves . 
222 
The Results of Proceduralized 
Teaching of Proofs 
• (Herbst & Branch, 2006): 
students do not expect to write a proof unless 
specifically asked for. 
· They would expect to get a proving task on material 
that was recently covered In class and would not 
expect to be held accountable for conclusions. 
Goals for Proof Writing 
• In high school : establishing the truth of a 
statement. 
• For mathematicians: explaining why a 
statement is true, communicating 
mathematical knowledge, and gaining 
insight. 
(Knuth, 2002a, 2002b) 
Proof Creation v. Proof Writing 
, The writing of a proof requires a focus on 
rigor and precision 
, The creation of a proof requires problem 
solving skills and is not a linear process. 
• The actual writing of the proof is only a final 
step which does require rigor and precision 
but is largely ignored during the idea 
generating phase (Farell 1987). 
Key Norm 
• We will all be confused and struggle with the 
ideas. We need to be willing to discu'ss our 
confusion and difficulties because this is the 
way we will grow. 
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Successful Students 
• Srirman (2004) found that when students 
successfully completed proofs, their process 
paralleled that of mathematicians because it 
was filled with conjectures, counterexamples, 
reversals of thinking, and moments when the 
students had to put the proof aside and 
return to it after a lot of thought. 
• He also found that when these students were 
immediately forced into a deductive format, 
they lost their sense of intuition. 
Proof Readiness Activity 
Presenter: Matthew Chedister 
Deductive Reasoning 
• Deductive reasoning - the process of showing 
that certain statements follow logically from 
agreed-up assumptions and proven facts 
(Discovering Geometry, 2008) 
, Most students have little experience with 
deductive reasoning and need experiences 
with this form of reasoning before they begin 
writing form of reasoning. 
Conclusion Quickie 
• While this activity has no single answers, 
students need to focus on making a 
sustainable argument that is reasonable, 
plausible, and fits the facts. 
• This is often a good first practice In the 
proof-readiness sequence and can 
immediately be followed by a class discussion 
on what constitutes an appropriate solution. 
Oohnson, 2009) 
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Conclusion Quickie 
• A woman walked up to a man behind a 
counter and handed him a book. The man 
looked inside the book and said, "That'll be 
five dollars." The woman paid the man and 
walked out without the book. The man saw 
her leave without the book but didn't say 
anything. Why not? 
Mystery Problem 
• The Gold Miner Problem and Knights and Knaves 
• These are often who-done problems. 
• Successful completion of these problems 
involves finding the pertinent data and ignoring 
extraneous Information. 
• In fact, finding relevant data is one of the key 
skills that these problems develop. 
• In some cases, there are multiple solutions, but 
each must be supported by pertinent facts. 
Syllogisms 
• Law of Syllogism if a implies band b implies 
c, then a implies c. 
, Example: All pigs are red. All red things are 
cute. Therefore, all pigs are cute. 
Valid 
, Example: All boys have two legs. All human 
beings have two legs. Therefore, all boys are 
human. 
Invalid 
Matrix Problems 
• Here students have to use deductive 
reasoning to determine the roles and jobs of 
various characters. 
, The key step is gathering all the different 
pieces of evidence that can be gathered from 
each clue . Often multiple facts can be 
determined and some of these pieces of 
information are not obvious. 
, The two different matrix problems exhibited 
show two different levels of difficulty 
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Matrix Problems 
• carol, Sue, Jill. Dave, and Jim each play a different 
Instrument In the school &and. The Instruments they 
play are: clarinet, flute, saxophone, trombone, and 
sousaphone. From the clues below, determine which 
Instrument each student plays: 
· carol plays ell her the clarinet, saxophone, or sousaphone 
Sue does not play the flute 
Dave does not play the trombone, saxophone, flute, or 
clarinet. 
Jim plays either the sousaphone or the saxophone. 
SESSION 2: REFLECTION ON DEDUCTIVE REASONING AND 
INTRODUCTION TO INDUCTIVE REASONING 
Goals: The goal of this session is to reflect on the students' work on deductive 
reasoning, discuss the importance of inductive reasoning, and how inductive reasoning 
can lead to making deductive arguments. 
Timeline: 2 Hours 
• Reflection on Deductive Reason: 1 Hour 
• Inductive Exploration and Discussion: 1 Hour 
Materials: 
• Investigation Handouts 
• Tuning Protocol 
Description of Session: 
What We are going to do: 
This session will begin by reflecting on the pre-proof problems (deductive reasoning) 
using a tuning protocol. The participants will then explore a number of inductive 
problems that they can use with their students that will emphasize looking at simpler 
cases, the gathering of data, and the creation of generalization. 
Points to Emphasize: 
Reflection on Deductive Reasoning 
With a teacher serving as the presenter and the facilitator of the entire program as the 
reflection facilitator, the group will perform a reflection using the tuning protocol. This 
will be the protocol that the group uses throughout the program. The key question that 
the participants will be considering is were students able to create valid deductive 
arguments and why or why not? During the debriefing session the non-presenting 
participants will be encouraged to bring their own student work into the discussion to 
support or refute conclusions the group is reaching and to offer suggestions for future 
explorations. 
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Inductive Reasoning 
Inductive reasoning is critical to the successful writing and understanding of deductive 
proofs. They are valuable in identifying patterns, generating conjectures, and offering 
insight into what deserves to be proved and why. This is a key part of the proof creation 
process that was discussed in session 1. It should be mentioned that at times inductive 
reasoning can lead to erroneous conclusions and thus it does not have the power of 
deductive reasoning and proofs. However, before students are exposed to this fact, they 
need to first see and believe in the power of using data gathering and generalization in 
reaching conclusions many times. The weaknesses of inductive arguments will be 
returned to in a later session. The emphasis will be that students need more 
opportunities than they are usually given in classes to develop an understanding of 
inductive reasoning and its uses. 
Inductive reasoning will be defined as the process of observing data, recognizing 
patterns, and making generalizations about those patterns (Serra, 2008). The participants 
will work on a series of inductive reasoning problems that they can use with their classes. 
Again, the suggestion is that students be given frequent opportunities to work on such 
problems. This includes using weekly problems or consistent extra credit opportunities. 
The mathematical ideas from the problems are: 
1) Starting with simpler cases. One key technique to gathering evidence and 
making generalizations is starting with simpler cases. For all these problems, it is 
easier to start with a simpler case that involves either a smaller numbers or less 
complex patterns. For example, on the quilting problem, it is easier to spot the 
number of squares by starting with a 1 x 1, 2 x 2, 3 x 3, and 4 x 4 quilt and 
looking for a pattern. 
2) Using previous information to help make generalizations. Mathematics is built 
on connecting previously known ideas to new ideas. For example, the number of 
squares in the quilt is the square of the number of dots in the corresponding 
triangular numbers. Therefore, if a student has made a generalization about the 
triangular numbers, they can quickly create a generalization about the squares in 
the quilt. 
3) Data must be carefully organized in order to recognize patterns and make 
conclusions. Participants should think about developing graphic organizers to 
follow the data they are trying to collect. 
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4) Scaffolding. Participants will discuss how to rewrite these questions to scaffold 
them for their students at different levels. 
Homework 
Participants will be asked to take these inductive problems and use them in their classes. 
They will again be asked to bring samples of student work to the next session using the 
previously described method for gathering sample work. 
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Session 2 Problem Set 
• 
1 
1. What is the last digit of 329? 
2. Here are the first four triangular numbers. What is the 50th? 
• 
• • • 
• • • • • • 
• • • • • • • • • 
3 6 10 
3. Tara has just finished her frrst quilt. It is made of five rows of squares by five 
rows of squares. Her sister Jill says that there are more than 25 squares in the 
quilt. What does she mean? How many squares are there actually? 
4. What is the sum of the first 75 odd numbers? 
5. A cube shaped cake is frosted on all six faces. It is then sliced into smaller cubes 
to be served at a Mathematics Conferences. If there are 16 times as many 
unfrosted pieces as there are pieces frosted on three sides, how many individual 
servings are there? 
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TUNING PROTOCOL 
Introduction: 
• Facilitator introduces protocol goals, guidelines, and schedule. 
Presentation 
• Presenter shares without interruption: 
o The assignment or prompt 
o The student learning goals 
o Samples of student work 
o The evaluation format 
Clarifying Questions 
• Participants ask clarifying questions to better understand the context and student 
work. 
Examination of Student Work Samples 
• Participants look closely at the work noting what seems to be in tune with stated 
goals and where there might be a problem. 
Feedback 
• Warm feedback may include comments about how the work seems to meet the 
desired goals. 
• Cool feedback may include possible disconnects, gaps or problems. 
Reflection 
• The presenter speaks to any comments and questions while participants are silent. 
This is an opportunity to reflect on ideas that seemed particularly interesting 
Debrief 
• The facilitator leads a discussion of the tuning experience. 
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SESSION 2 : REFLECT ION ON 
DEDUCTIVE REASONING 
AND INTRODUCTION TO 
INDUCTIVE REASONING 
Presenter: Matthew Chedist er 
Tuning Protocol 
Introduction: Facilit~torintrodvces PfOtoc:ol go~~.b, gUidelinu, artd Khedule:. 
Pfe:serttalion: Presenter shares withoullnt~rrupuoo: 
~~~~~~~!~r'[kip.~nts ;uk d~.nfylng questions to better underst;~.rJd the 
billmlnationof~tM:hent WorkSample.J: Partici~nulaok do'itlyat the \o\'Oilt~ing 
whi'lt ~~m~ to b., in HoP:! with $t.a.tedooah andwl~oeR there m•gbt be~ problem. 
ReflecUon:This Is an OOPQfttmhiJ to rtfte<t on ideas that 5ftmed panictJl&riv 
Httt~)llll(J 
Odwle f: The fOiocil i tata· le;~ds ot discussion oft~ tl.lniOQ er<pcnence. 
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Reflection on Deductive Reasoni ng 
• Big Question : Were students able to create 
val id deductive arguments and why or why 
not? 
Inductive Reasoning 
' Inductive reasoning - the process of 
observing data, recognizing patterns, and 
making generalizations about those patterns. 
{Discovering Geomeuy, 1008) 
Inductive Reasoning 
, Inductive reasoning is critical to the 
successful writing and understanding of 
deductive proofs. 
They are valuable In lndentifylng patterns, 
generating conjectures, and offering Insight Into 
what deserves to be proved and why. 
This Is a key part of the proof creation process that 
was discussed that in session 1. 
Inductive Reasoning Problems 
What ls the last digit of 3"7 
Here .are tilt fil"5t four trta.n_Qular numbers. What Is the SOd•? 
Tara has Ju:n flnl~hed her first qultt. It I$. made of five rows ot 
squares 6y five: rows of sqtQ~ . Her sl5ter Jill says: tflat there are 
~~~ ~~!~ ~~~he:r!"a~~t!}t. What does sM mean? How 
What Is the- sum of the first 75 odd numben? 
Inductive Reasoning 
• At times Inductive reasoning can lead to erroneous 
conclusions and thus It does not have the power of 
deductive reasoning and proofs. 
• This will be returned to In a later session. 
• However, before students are exposed to this fact, 
they need A LOT of experiences seeing and believing 
In the power of using data gathering and 
generalization In reaching conclusions. 
Inductive Reasoning Problems 
• Starting with smaller cases. One key technique 
to gathering evidence and making 
generalizations Is starting with simpler cases. 
• Using previous information to help make 
generalization. Mathematics is built on 
connecting previously known Ideas to new Ideas. 
• Data must be carefully organized to make 
conclu slons. 
• Scaffolding. How can we scaffold these problems 
for all levels of students? 
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SESSION 3: THE CONNECTION BETWEEN INDUCTIVE AND DEDUCTIVE 
REASONING IN THE PROVING PROCESS 
Goals: This session will emphasize how the focuses of the frrst two sections (inductive 
and deductive reasoning) tie together and how they help facilitate the proving process. 
Timeline: 2 Hours 
• The Connections between Inductive and Deductive Arguments: 1 Hour 
• Presentation on Teacher Responses to Different Levels of Arguments: 1 Hour 
Materials: 
• Induction v. Deduction Handouts 
• Session 2 Problem Set. 
Description of Session: 
What we are going to do: 
The session will focus on how inductive reasoning can lead to deductive conclusions. 
Definitions for these terms will be given and participants will discuss where and how 
they used both types of reasoning in the problems. The other part of the session is a 
presentation on how teachers can react to different student arguments. It will discuss 
when to push students and when to temporarily set aside a student argument when they 
are only able to make inductive arguments. 
Points to Emphasize: 
Connecting Induction and Deduction: Part 1: Looking Back at Session 2 
To begin the session, participants will discuss how the inductive arguments that they and 
their students formed about questions in the previous session's problem set can be used to 
guide the creation of deductive arguments of the same problems. Some teachers may 
have already started to think about such ideas with their classes and the student work they 
bring will help facilitate this discussion. 
Specific emphasis will be on problems 1 and 2. In question 1, the gathering data 
experience leads people to notice that the units digit of 3° cycles every 4 integer values of 
n. Using the law of exponents, the participants and their students can then make an 
argument to show that this always true. In question 2, participants and students will 
notice that the nth triangular number is the sum of the first n numbers. A key step in the 
233 
evidence gathering phase is noting that an easy way to sum these values is to pair the 
numbers beginning with the first and last, then the second and second to last, and so 
forth. Each of these pairs has the same value and the number of pairs is equal to half of 
n. Developing the deductive argument involves inserting variables for the sum of pairs 
and number of pairs. Participants and students will often arrive at the equation n(n + 
1)/2 but it is equally important they note where the (n + 1) and (n/2) came from (sum of 
pairs and number of pairs). 
The other inductive problems can be discussed as time permits. 
Connecting Induction and Deduction: Part 1: Rethinking Typical Textbook Problems 
In this part of the session, participants will work on the problems on the induction and 
deduction handout. This handout is unlabeled because the goal is for participants to work 
through the problems and think about the different types of thinking they are using. 
These two problems are modified versions of two typical problems from geometry texts. 
In most texts, these problems would include only part a and would focus on procedural 
ability. As these problems are now written they focus on data gathering and 
generalizations that lead to proof writing. 
Participants will be given a few minutes to analyze the problems. Upon completion, 
participants will discuss the types of thinking they employed in each part and the 
definition of the terms inductive reasoning and deductive reasoning will be redefined. 
Inductive reasoning (the focus of parts a and b of both problems) will be defined as the 
process of observing data, recognizing patterns, and making generalizations about those 
patterns. Deductive (the focus of part c) reasoning will be defined as the process of 
showing that certain statements follow logically from agreed-up assumptions and proven 
facts (Serra, 2008). 
The key point of emphasis is that the participants began each problems using inductive 
reasoning to gather data and develop generalization. Then in the final part of the problem 
the participants used deductive reasoning to explain why these generalizations were 
correct. This process of using inductive reasoning to create generalizations that will be 
used to write deductive proofs will be an emphasis throughout the program. 
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Presentation on Teacher Responses to Different Levels of Arguments 
This will feature a PowerPoint presentation on the tactical moves that a teacher can make 
when students give an argument and is based on the article Proof and Proving in School 
Mathematics (Stylianides, A, 2007). The presentation will include the key of arguments 
from the article but the examples will be modified to focus on geometric ideas (whereas 
the article focuses primarily on algebraic ones). This presentation is included at this 
point because it focuses on the connection between students' inductive and deductive 
arguments and when it is appropriate to push the students toward a deductive argument 
and when it is okay to let them stay with an inductive argument. It should be emphasized 
that the second scenario (setting aside the deductive argument/proof temporarily) should 
only be used when it is clear that students do not have the background knowledge to 
complete the process. It also should be noted that this incomplete proof must be returned 
to at a later time. 
Homework 
Participants will be asked to do the two "textbook problems" with their classes and bring 
back samples of student work as earlier specified. It is not necessary at this point that 
students write a formal proof for both parts c but they should have developed deductive 
arguments. These will be used for a second tuning protocol during the next session. 
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Question # 1: Ray BP and BQ are bisectors. 
A 
: = ~ ~ l 
D B c 
d. Angle ABC has a measure of 66 degrees. What is the measure of angle PBQ? 
e. Create several more angle measures for angle ABC. What is the measure of 
PBQ? 
f. What's happening here? Carefully explain. 
Question# 2: Line segment AD and BD are bisectors. 
a. If angle ACB is 60. What is the measure of angle ADB? 
b. Create several angle measures of your own for ACB. What is the measure of 
ADB? 
c. What happening here? Carefully explain. 
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SESSION 3: THE 
CONNECTION BETWEEN 
INDUCTIVE AND DEDUCTIVE 
REASONING IN THE 
PROVING PROCESS 
Presented by Matthew Chedi$ter 
Session 2: Problem #2 
• What is the sum of the first 75 odd numbers? 
• Starting with a smaller case: 
1 +2 + 3 + 4 + 5 + 6 + 7 + 8 + 9 + 10 = 55 
11 j 
. --··.:··-·--·' 
; 
11 There are 5 palrs of 
numbers that sum to ll 
so the sum Is 55. 
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Session 2: Problem# 1 
• What is the last digit of 3297 
, From our data we found the following: 
. 31=3, 32 =9, 33=27, 34= 81 
3s~ 243, 36 - 729, 37 = 2187, 36 = 6561 
• We see that the units digits cycles every 410 
term .... 
, So, 329= 37<4l + 1 making our units digit 3 . 
Session 2: Problem #2 
' Generalize 
1 + 2 + 3 .... + (n-2) + (n-1) + n 
n + 1 
n + 1 
n + 1 There are n/2 sums of n 
+ 1 so the overall sum Is 
n(n+ 1)/2. 
Question #1 
• Question #1 : Ray BP and BQ are bisectors. 
Angle ABC has a measure of 66 degrees. What Is 
the measure of angle PBQ? 
Create several more angle measures for angle ABC. 
What is the measure of PBQ? 
What's happening here? Carefully explain. 
Inductive v. Deductive 
• Which parts of this problem involved 
inductive reasoning? Deductive reasoning? 
• How did the inductive parts affect your ability 
to develop a deductive argument? 
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Question# 2 
, Question# 2; Line segment AD and BD are 
bisectors. 
· If angle ACB Is 60. What is the measure of angle 
ADB? 
Create several angle measures of your own for ACB. 
What is the measure of ADB? 
What happening here? Carefully explain . 
Making A Good Argument : 
Proofs Across The 
Curriculum 
Matthew Chedlster 
'Boston University 
Professional Development Program Fall 2011 
-
·. 
:~ 
-, ~-
• {.J_ -
Definition of Proof 
Stylianldas, 2007, p. 291 : 
• Proof is a mathematical argument, a connected 
sequence of assertions for or against a mathematical 
claim, With the following characteristics: 
· It uses statements accepted by the classroom community (set of accepted statements) that are true and available 
without funher justlflcatlon. 
It employs forms of reasoning (modes of argumentation) 
that are valid and known to, or Within the conceptual reach 
of the classroom community 
It Is communicated with forms of expression (modes of 
argument representation) that are appropriate and known 
to, or Within the conceptual reach o the classroom 
community. 
A Method of Integrating Proof Into 
the Curriculum 
• Base argument: 
prev~llng student argument at the Initial stages of 
the proving activity. 
, Comparison : 
this analysis can support the teachers' decisions 
about how to manage their students' proving 
activity 
' Proof: 
The final argument that would count as a proof In 
the given situation. 
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Key Points about Definition 
• Classroom community consists primarily of 
students 
• Teacher has a special role within that community 
• Focuses on students zone of proximal 
development. 
' Classroom community does not imply all 
students have same level of understanding. 
Case# 1 
, What Is the sum of 3 consecutive numbers? 
, What is the sum of 5 consecutive numbers? 
, What is the sum of 7 consecutive numbers? 
, What Is the sum of 4 consecutive numbers? 
, What Is the sum of 6 consecutive numbers? 
• What Is the sum of n consecutive numbers? 
Case# 1 
, Base Argument: "If n is odd, then the sum is n 
times the middle number. If n is even, it is 
the sum of the middle two number times n 
divided 2." 
• Comparison: Student has made a strong 
empirical argument based on data but Is 
ready to make a formal proof. 
Case# 2 
• Show that the sum of the angles of a triangle 
is 1 80 degrees. 
• Base argument: 
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Case# 1 
• Sum of 3 consecutive numbers: 
x + (x + 1) + (x + 2) = 3(x + 1) 
• Sum of 4 consecutive numbers: 
X + (X + 1) + (X + 2) + (X + 3) = 4(X + 3 /2) 
• Sum of n consecutive numbers: 
x + (x + 1) + (x + 2) + (x + 3) .. ...... (x + n - 2) + (x+ 
n-1) 
n(x + (n-1){ 2) 
Case# 2 
, Comparison: Student has made an empirical 
argument and teacher should respond in one 
of two ways: 
I) Students are ready to make a formal proof similar 
to case I. 
2) Students do not yet know about properties of 
parallel lines and are not ready to make a formal 
proof. 
Case# 2 
• Proof: 
If lines are parallel, then: fi' · 
Angles I and 4 are congruent beca 
they are alternate Interior angles 
Angles 2 and 5 are congruent for the same reason 
The measure of angles 3, 4, and 5 sum to 180 
degrees because they form a straight line. 
< By substitution, the measures of angles 1, 2, and 3 
sum to 180 degrees. 
Case# 3 
• Prove 5" always has a. units digit of 5 when 
n Is a natural number. 
• Base Argument: 
~~\[j~~; 'Well anything multiplied by 5 has to end in 5 or 
~hu~[fpl~ ;a1y~~Nv~~ ~"e~ i 5~.~cause when you 
Mar;ha: "You times the ~quare number, you square it 
agam and you get 625.' 
Carl: ·'You don't have to do that. It's easy, the last digit 
is alwa_v.< qoinq t(J be 5 because ;>au are ,itlwavs 
mul tiplyin;:last digits of 5, and >times ~ends ir1 5." 
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Case# 2 
• If students are not ready for formal proof: 
1) II should be emphasized that while they have 
found good data, but have not yet made a formal 
proof 
2) Problem should be returned to later in year when 
student s have enough knowledge and Information 
to create a formal proof. 
Case# 3 
> Comparison: 
Student offers a valid proof. .. 
.. .... but there is an opportunity to offer Instruction 
on the base argument to develop an Idea further. 
In this case, the base argument opens an 
opportunity to develop a proof by Induction . 
Case #3 
~ Proof: Inductive Argument 
Check that is true for n= I 
· A1•5 1 - 5 
Assume that it is true for n= k 
· A,- 5'· 5 + b,*10 1 •.• +bm*1()"1 
Check whether It Is true for n = k + 1 
· A,., -s••1- 5(5 + b1*101 • . • +bm*10m) 
= 5+2*101+5* b 1*101 • •• +5*bm*10m 
• 5 + c1*101 ••• +cp *lOP 
Four Paths To Take During A 
Proving Activity 
• Path# 1: 
The base argument Is an empirical argument and 
the classroom community has enough shared 
knowledge to create a formal proof. 
The teacher facilitates the development of a proof. 
Example Is Case #I . 
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Case #4 
• Why are all the primes (except for 2 and 3) 
one more or one less than a multiple of six? 
' Base Argument: 
· Any multiple of 6 Is divisible by 6. 
Any number that Is 2 more or less than a multiple 
of 6 Is even. 
Any number that Is 3 more or less than a multiple 
of 6 is divisible by 3. 
This only leaves numbers that a one more or less 
than a multiple of 6 to be prime. 
Four Paths To Take During A 
Proving Activity 
• Path# 2: 
· The base argument Is not a proof and the classroom 
community Is unable to produce a proof. 
The teacher facilitates a more advanced argument than 
the base argument If possible but not a proof. 
The teacher e>.plains that the result Is not a proof. 
The teacher returns to the problem when the class is 
readv to make a proof. 
Case# 2 is an example. 
Four Paths To Take During A 
Proving Activity 
• Path# 3: 
. The argument Is a proof but there components of 
the argument that can be developed further. 
The teacher accepts the base argument as a proof 
but focuses Instruction on helping the cli!Ssroom 
community develop a more advanced proof. 
Case# 3 Is an example. 
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Four Paths To Take During A 
Proving Activity 
• Path# 4: 
· The base argument qualifies as a proof and there Is 
no need to facflitate instruction to develop a more 
advanced proof. 
The teacher brings the proving activity to a close. 
' Examples are Case # 4 or If the classroom 
community Initially develops any of the final proofs 
In Cases #I, #2. or #3. 
SESSION 4: STUDENTS AND PROOF WRITING 
Goals: The goal of this session is to give the participants a method for teaching their 
students how to write proofs. 
Timeline: 2 hours 
• Reflection Period: 45 Minutes 
• The Working Backwards of Writing Proofs: 1 hour 15 minutes 
.Materials: 
• Copies of Quadrilateral Properties Proofs from Discovering Geometry (2008) 
What we are going to do: 
The primary focus is helping students write formal deductive proofs. The first part of the 
session will be a reflection (using the tuning protocol) on the "textbook questions" and 
students ability to use the inductive arguments to develop the deductive arguments in part 
c of each problem. The main section of the session will be on helping students plan their 
proof writing. The method of emphasis will be called working backwards. The 
participants will practice this method as group and then use it with their classes. The 
problems will be about quadrilateral properties because this is likely to be the content 
they will be teaching to their students. 
Points to Emphasize: 
Reflection on "Textbook Problems" 
Using the tuning protocol, participants will discuss their work with the "textbooks 
problems." A new participant will serve as the presenter. The format will be the same as 
the one in session 2 with the focus questions being how did students use their inductive 
information gathering in parts a and b to help them make an argument in part c? 
Working Backwards 
For many students, writing proofs is a large challenge because they do not know how to 
organize their arguments. The method of working backwards (adapted from Serra 
(2008)) suggests that students start with the end goal and then think backwards through 
the steps necessary to reach that goal. 
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\Vhile students are using the working backward method, they initially write their proof 
using a flowchart method (a two-column approach also works but is harder), in which 
they write the key ideas in boxes and then use arrows to connect them. After they have 
completed the flow chart, the students then write a formal paragraph proof using their 
flowchart as a guide. 
An example of this can be seen by analyzing question 1 on the attached sheet. Here 
students are trying to prove that one diagonal bisects an angle in a kite. Using the 
working backwards method, students should recognize that the key to this argument is 
proving that two angles are equal. Prior experience should suggest that the way to do this 
is by proving a pair of triangles is congruent. The question that students must then 
consider is which theorem to use. There is no direct information given about angles so 
this suggests that the theorem used should be SSS. This can be done by noting that kites 
have two pairs of congruent sides. Further, the triangles have a shared side which makes 
the third pair of equal sides. The flow chart of this proof is shown in the PowerPoint. 
The students' goal is then to write the appropriate paragraph proof using the flow chart 
and writing the steps in the reverse order. 
The participants will practice this method with several proofs as a group, discuss its 
strengths and weaknesses, and how they will use it. 
Homework 
The participants will then use this method with their students. They will be asked to 
bring artifacts back from their classes to discuss and reflect on during the next session. 
Several teachers will be observed using this method. 
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QUADRilATERAL PROPERTIES PROOFS 
Discovering Geometry (2008) 
Question 1: A concave kite is sometimes called a dart. 
Given: Dart ADBC with line segment AC congruent to BC, and line segment AD 
congruent to BD. 
Prove: Line Segments CD bisects <ACB. 
c 
Question 2: Prove the conjecture: The diagonal of a parallelogram divides the 
parallelogram into two congruent triangles 
s 
Given: Parallelogram SOAK with diagonal line segment SA 
Prove: Triangle SOA is congruent to triangle AKS. 
Question 3: Prove the conjecture: The opposite angles of a parallelogram are congruent. 
Given: Parallelogram BATH with diagonal line segments BT and HA. 
Prove: <HBA is congruent <ATH and <BAT congruent <THB 
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Question 4: Prove the conjecture: If the opposite sides of a quadrilateral are congruent, 
then the quadrilateral is a parallelogram. 
Given: Quadrilateral WATR with line segment WA congruent toRT and line segment 
WR congruent to AT and diagonal WT 
Prove: W ATR is a parallelogram. 
QUiestion 5: Show that quadrilateral SOAP is a parallelogram. 
s 0 
Given: Quadrilateral SOAP with line segment SP parallel to OA and line segment SP 
congruent OA. 
Prove: SOAP is parallelogram. 
Question 6: The diagonals of a rectangle are congruent 
Given: Rectangle YOGI with diagonals YG and OI 
Show: Line segments YG and OI are congruent. 
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Question 7: Ifthe diagonals of a parallelogram are congruent then the parallelogram is a 
rectangle. 
Given: Parallelogram BEAR with diagonals BA and ER that are congruent. 
Prove: BEAR is a rectangle. 
Qlllestion 8: Isosceles Trapezoid Conjecture: The base of angles of an isosceles 
trapezoid are congruent. 
Given: Isosceles trapezoid PART with parallel line segment P A and TR, and line segment 
PT and AR congruent and line segment constructed parallel to line segment RA 
Prove: <TP A is congruent <RAP. 
Qlllestion 9: Isosceles Trapezoid Diagonals Conjecture: The diagonals of an isosceles 
trapezoid are congruent. 
~ G . T 
Given: Isosceles trapezoid GTHR with line segment GR congruent to TH and diagonals 
GHand TR. 
Prove: Line segments GH and TR are congruent. 
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Session 4 : Students and 
Proof Writing 
Matthew Chediste r 
Tun ing Protocol 
Jntroduc:lion: Facilirator incroduces pm:ocol uoals, ould~ linM, and schedule. 
Pre~ation : PR:sl! r>ter s!uru wtthout lntC!rruption· 
~~~~~~~~i~~dpantS<Uk clarifying ques-tions 'to bet ter understand t hl! 
~!:~":~~~~~~w:,~~~~~)~~~~=:.!~~!~ ~~ l:~ob!~~ 
FeedbKk :Wann feM'ibiKk and Cool M:!edb;u~k. 
Reflec:tion: rhis. is an opponunity t o rdhlCl on id~s that seemed pan.icularlv 
inter~stli"'Q 
Otobt ief:The fa<i li ta!Qf lt!ads ~ disc.ussioo of the tuning experience . 
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Tun ing Protocol fo r the "Textbook 
Problems" 
• How did students use their inductive 
information gathering in parts a and b to help 
them make an argument in part c? 
The Challenge fo r Student s In 
Writ ing Proofs 
, Many students struggle to write proofs 
because they fail to see the logical steps that 
lead to a valid conclusion. 
, One technique to improve their skills is 
"working backward." 
Working Backwards 
• Start with the final conclusion and determine 
the steps needed to reach that conclusion . 
• Write the proof in a flowchart format 
Box the key Ideas 
· Connect the appropriate ideas with arrows 
, Write the paragraph with the ideas moving 
from start to finish. 
Final Conclusion 
To show something Is a bisector, we 
need to prove that two angles are 
congruent. 
: <ACo ·is-co,;gr·uent <BCD · 
·-··· --
~ 
line Segment CO ts b isector Or <AC8 
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Example of Working on Backwards 
• Question 1 : A concave kite is sometimes 
called a dart. 
• Given: Dart ADBC with line segment AC 
congruent to BC, and line segment AD 
congruent to BD. 
• Prove: line Segments CD bisects <ACB. 
To show angles are equal: 
To show angles are 
equal, a good 
techn ique is to show 
triangles are 
congruent 
Triangle A.OC Is congruent Trla.ng le BOC 
l 
<AC.D Is conorufnt-<"BCO 
line Segment CO Is bisector of <ACB 
Which Theorem Should We Use? 
Une Segment AC Is congruent to BC 
Since we only have 
Information on sides, we 
select SSS Congruence 
Theorem. 
...... , Triangle ADC ls conoruent Tri;a.ngle SOC 
~/ 
Line Segment AD Is congn.H!.nt to BD 
! 
Line Segment AC Is congruent to BC 
~ 
Une Segment CD hi bisector of <Ac;:' B 
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Paragraph Proof 
Line segment AC is congruent to BC and line 
segment AD is congruent to DB because the 
adjacent sides of a kite are congruent. 
Further, CD is congruent to CD by the 
reflexive property. Therefore triangle ACD is 
congruent to triangle BCD by the SSS 
congruence theorem. Therefore <ACD is 
congruent to <BCD by CPCTC. This implies 
that CD is a bisector of <ACB. 
SESSION 5: THE TEACHER MOVES NEEDED 
TO FACILITATE A PROOF ACTIVITY 
Goals: The goal of this session is to develop an understanding of the role of the teacher 
during a proving activity and the steps necessary to promote student learning. 
Timeline: 2 hour 
• Reflection on working backwards: 30 minutes 
• Discussion of 5 Practices: 45 minutes 
• Practice Problem: 45 minutes 
Materials: 
• Copies of Hex on Pythagoras Problem 
• Computers with Sketchpad 
• Rulers 
Description of Session: 
What We are going to do: 
Prior to this session, participants have focused on the types of reasoning needed in a 
proving activity and methods for writing a formal proof. However, before they embark 
on a complete proof task, it is necessary to talk about facilitating a successful task. As a 
guide, participants will discuss the five practices presented in the Smith and Stein (200 1) 
book Five Practices for Orchestrating Productive Mathematics Discussions. As a guide 
to how the five practices are facilitated, participants will work through a sample problem 
and model them. 
Points to Emphasize: 
Reflections on the Working Backward Method 
Prior to working on the five practices, teachers will reflect on the working backwards 
method using the tuning protocol. The emphasis questions will be: 
• How did the working backward method help or hinder student progress in proof 
writing? 
• What did students have difficulty with in terms of the proving process? 
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The Five Practices 
The five practices from Smith and Stein (20 11) will be presented and modeled using the 
problem listed below. The session will involve an iterative process of discussing one or 
two of the strategies followed by modeling it with the problem. The practices are: 
Anticipating: This practice requires teachers to do more than simply evaluate whether the 
tasks is at the appropriate level of difficulty and considering whether or not students will 
get the correct answer. It involves considering how students might interpret the problem 
and the array of both incorrect and correct strategies that students might use. Often this 
involves teachers attempting the task in as many ways as possible. This process is 
critical because it cuts down the amount of consideration that a teacher must use in 
determining whether a student technique is appropriate during the work phase and allows 
them to focus on the actual work students are doing. 
Monitoring: This is the key step during the time when students or participants are 
working on the proving task (or any task). Several key steps in monitoring are: 1) Using 
the list of anticipated solution methods, keeping track of which students or groups 
produce those solutions so they can be presented in group discussion. 2) Using a 
monitoring sheet to keep track of the successes or struggles that students have, which can 
be: used as formative assessment during the proving process. Also critical during the 
monitoring process is that the teacher asks questions to students to make their thinking 
visible, help them clarify their thinking, and press them to consider the parts of the task 
which they need to attend. For this last step, it is equally important that the teacher asks 
the students to consider certain aspects but then also returns to those students to ensure 
they have made this consideration. 
Selecting: In this practice, the teacher selects student whose responses will be presented 
to the class. This selection needs to be guided by the mathematical goals of the lesson 
and the teacher must consider how each contribution will help in that goal. The use of 
purely volunteers can disrupt this practice because students ideas will not necessarily 
build on each other. If teachers want to use "volunteers," it is best to have preselected 
which volunteers will be called and in which order. 
Sequencing: This practice runs parallel to the previous practice. Not only does the 
teacher need to select students to present their work, but he or she must also decide the 
order they are present to achieve the necessary goals for mathematical task. Three 
possible methods are: 1) Using the method that the majority of the students used first to 
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validate the work that must students used. Then moving to alternative strategies used by 
a fewer number of students. 2) Using a strategy that is the most concrete and moving 
towards those that are more abstract. 3) Presenting common misconceptions that students 
had so they are made public and can be handled. These three strategies are not mutually 
exclusive. Often during the planning phase, the teacher should consider this sequence so 
they are prepared to select the appropriate the students. 
Connecting: The previous two practices will only work if this practice is followed 
because the different presentations need to be connected to develop important 
mathematical ideas. Therefore the teacher needs to consider how to tie the different 
student presentations together. 
The Use of Discourse 
One of the major problems with the teaching of proof is that most often ideas either come 
from the teacher or the only the teacher is responsible for accepting or rejecting an idea. 
In contrast for students' to internalize and understand the arguments of others, they need 
to scrutinize and analyze the thinking of others. Specifically, for a class to successfully 
construct a proof, negotiations and challenge's within the community eventually lead to 
development of knowledge and the construction of sound reasoning. This is one of the 
k(~y steps required to move away from being limited to empirical arguments and toward 
deductive proofs (Stylianou & Blanton, 2011). 
The teacher's role is to ask questions that support these challenges and negotiations. 
Specifically, this includes the use of what Stylianou and Blanton (20 11) refer as 
"transactive prompts" or times when the teacher asks for clarifications, explanation, 
criticisms, or elaborations. One way to carry out these prompts is through the use of the 
academically productive talk moves. These are revoicing (when a teacher repeats part of 
what a student says and checks back in with them that the teacher has stated the student's 
thoughts accurately), restating/repeating (when a student restates another student's 
statement), press for reasoning (when a student is asked to explain his or her own 
reasoning or respond to the reasoning of another), and soliciting additional contributions 
(when a student is asked to contribute to the discussion underway). 
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Hex-on-Pythagoras 
In this problem, three squares are built off of the edges of a right triangle. The vertices of 
th::: squares are connected to form three new triangles (see figure below). How does the 
ar':::a of the original triangle compare to the areas of the three new triangles? 
Solving this problem requires the problem solver to note that the base and height of each 
new triangle is equal to one base and height of the original triangle. Thus all four 
triangles have the same area. The fact that the triangles have a base that is equal should 
be: apparent by careful labeling. The equivalent heights can be shown by rotating the 
original triangle so that it shares a common side with one of the new triangles. This will 
make the equal height apparent. 
Hex-On-Pythagoras and the Five Practices 
The participants will work with the problem to become familiar with the five practices 
although they will be done slightly out of order. Specifically, the participants will spend 
some time working on the problem while the facilitator demonstrates the monitoring 
process (including using the monitoring sheet. Then there will be a whole group 
discussion in which participants present their answers in a sequence selected by the 
facilitator. 
After this is completed, the group will complete two tasks. First, participants will be 
given an opportunity to discuss their work on the investigation with a specific focus on 
the actions of the facilitator and how his/her actions promoted or inhibited learning. 
Discussion questions will include: 
• How did the facilitator's questions help facilitate/inhibit the investigation? 
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• Site specific times that the facilitator used specific talk moves. Why were these 
talk moves used? How did they help facilitate the exploration and eventual 
creation of proof? 
• How did discussion further your understanding of the problem? 
• Were you frustrated at any point during the investigation? How did you handle 
that frustration? What did the instructor do to help scaffold your progress so that 
you could continue? 
Second, at this point the participants will enact the anticipating practice, where they will 
discuss what they anticipate about their students methods on the problem and difficulties 
th~y might face. 
Homework 
Participants will be asked to read chapters 2-6 of the Smith and Stein's (2011) Five 
Practices for Orchestrating Productive Mathematics Discussions. 
256 
A HEX-ON-PYTHAGORAS 
Navigating through Reasoning and Proof in Grades 9-12 (2010) 
A figure is formed by taking a triangle and then building squares off each side of the 
triangle. The vertices of the square are then connected to form triangles. 
How do the areas of three new triangles compare to the area of the original right triangle? 
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SESSION 5: THE TEACHER 
MOVES NEEDED TO 
FACILITATE A PROOF 
ACTIVITY 
Presenter: Matthew Chedister 
Tuning Protocol 
Introduction : FA.CIIitatonntroduc:es prohx.o! go.ih, guidclirws, and schc:Q~~. 
PTest-ntabon: Pr~W:nter tN.ru without i nt~rrupcion: 
f~~~':'~~~s~~cip;:anuuk.d;uifvi uo questions to brt ter u~~tll¢ the 
Examirwt6onofStudentWork S.mplu.: PMicipams loot. d os.flv at the! \lo"'f"X noting 
what s.nfl!t to~ in tut'~ with st.tt~ gools and wherf' there might be a pt-obt~m-
Rtfl.e<.lipn. This is an opc')Of''t'unlty to n~.flect on 1!kas (h.Jt s~em~ Pirticul.arly 
mtereJtU'JIJ 
Drrbtief: The facflit.ttorleads a d1\<:US1ion of lhe-lunino experif!nct:. 
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Reflections on the Working 
Backward Method 
• How did the working backward method help 
or hinder student progress in proof writing? 
• What did students have difficulty with in 
term~ of the proving process? 
5 Practices (Smith and Stein , 2011) 
, Anticipating: 
mo:>re than simply evaluate whether the tasks Is at 
the appr<:>prlate level of difficulty and considering 
whether or not students will get the correct answer. 
Involves considering how students might interpret 
the pr<:>blem and the array of both Incorrect and 
correct strategies that students might use. 
Cuts down the amount of consideration that a 
teacher must use in determining whether a student 
technique Is appropriate during the w<:>rk phase and 
allows them to focus on the actual work students 
are doing . 
5 Practices (Smith and Stein, 2011) 
• Monitoring: 
key steps: 
· I) Using the list of antlc.lpated solution methods, keep 
track of which students or groups produce those 
solutions so they can be presented in group 
discussion. 
· 2) Using a monitoring sheet, to keep track of the 
successes or struggles that students have, to be used 
as formative assessment during the proving pra<;ess. 
5 Practices (Smith and Stein, 2011) 
• Sequencing: 
· This practice runs parallel to the previous practice 
Three possible methods are: 
1) Using the method that the majority of the students 
used to validate the work that must students used . 
Then moving alternative strategies used by a fewer 
number of students. 
2) Using a strategy that is the most concrete and moving 
towards those that are more abstract. 
3) Present common misconceptions that students had so 
they are made public and can be handled . 
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5 Practices (Smith and Stein, 2011) 
Sequencing: 
This practice runs paraUtl to the previou~ pr.a.cticA 
Three possible methoch are : 
ll Using: the method th.Ulhe maJQnty of the nude:nts u-ud tow.I!<Ute ·thoe WOfli 
~~~~~f!e~t;~t~~5 .TtM!n rnovmg to ah~miJtlvt: mat~iu u~d bv ~ 
2) ~~~ a'L~~~~v th.lt h tht mo$t concl"fl:e and m~no· tow•rds those tMt are 
1) ~cn~i~ ~:n~~:;~eptiom that nudent~ had so the:v ~ made 
5 Practices (Smith and Stein, 2011) 
~ Connecting: 
The previous two practices will only worth if this 
practice is followed because the different 
presentations need to be connected to develop 
Important mathematical Ideas. 
·· Therefore the teacher needs to consider how to tie 
the different student presentations together. 
Teacher's Role 
• The teacher needs to use "transactive 
prompts" 
times when the teacher asks for clarifications, 
explanation, criticisms, or elaborations. 
Talk Moves 
• When running discussion, remember to keep 
the talk moves In mind. 
• More importantly, remember their purpose: 
. Helping students clarify their thinking 
Helping student Interpret what someone else has 
done. 
Helping students deepen their reasoning 
Helping students engage with the reasoning of 
others . 
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Academically Productive Talk 
Moves · 
• Revoicing - when a teacher repeats part of 
what a student says 
, Repeating - when a student revoices another 
student's statement 
, Agree or Disagree - when a student is asked 
to analyze the thinking of another 
, Adding On - when a student is asked to 
elaborate on idea brought up by another 
student 
HEX-ON-PYTHAGORAS 
Navigating through Reasoning and Proof in 
Grades 9-12 (20 l 0) 
• A floure ls formed by taking i. trtanole ind then building sqUI.res off 
each side of the triangle . The vertices of the square ar~t then 
connemd to form trli.nolts. 
~ How do the areas of three nN~ triangles compare to the are.a of the 
orlgl~l right triangle? 
Discussion Questions : 
How did the facilitator's questions help 
facilitate / Inhibit the Investigation? 
2. Site specific times that the facilitator used 
specific talk moves. Why were these talk moves 
used? How did they help facilitate the 
exploration and eventual creation of proof? 
' · How did discussion further your understanding 
of the problem? 
.1. Were you frustrated at any point during the 
Investigation? How did you handle that 
frustration? What did the Instructor do to help 
scaffold your progress so that you could 
continue? 
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Anticipating 
• What methods might students use to solve 
this problem? 
, What difficulties might they encounter? 
• What misconceptions might they develop? 
SESSION 6: PUTTING IT ALL TOGETHER: DEVELOPMENT OF LESSON 1: 
ANGLES OF PENTAGRAM AND MORE 
Goals: The goal of this session is to develop the first complete proving activity (using 
inductive and deductive reasoning and working backwards to write a complete proof) for 
the teachers to use with their students. 
Timeline: 2 hours 
• Work on math problem: 30 minutes 
• Discussion of problem: 15 minutes 
• Development of lesson: 1 hour and 15 minutes 
:Materials: 
• Copies of pentagrams problem 
• Chart Paper 
• Protractors and rulers 
• Computer with Geometer's Sketchpad 
• Copies of Overlapping Square Problem 
nescription of Session: 
What we are going to do: 
Participants will have the opportunity to develop a complete proving lesson to use with 
their students. A complete lesson will be defined as a lesson that involves looking for 
patterns through inductive reasoning, developing a conclusion through deductive 
reasoning, and then the development of proofs using methods like "the working 
backward method." The first part of this session will be an opportunity to explore the 
problem. In the second half, the participants will have the opportunity to think about 
how they will use this problem in their classes. The problem will use previously used 
information about angle relationships in polygons and on straight lines. In this way, 
students will have the opportunity to review key ideas and the focus will be more on the 
process of proving then learning key ideas. 
Points to Emphasize: 
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Pentagram Problem 
This problem involves finding the sum of the outermost angles of a pentagram and other 
n-grams (the angles that form the points). It is scaffolded so that it allows multiple entry 
points and a high ceiling for students of different levels. One of the big roles of the 
multiple parts is to show how previous information can be used to help verify new ideas. 
Each part has information that will help facilitate the next piece. 
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Part 1: Warm-up. This is a warm-up to remind the students of angle relationships and 
how they find missing angles in a diagram. The key here is that student's must justify 
each relationship carefully using deductive reasoning. 
Part 2: Regular Pentagram. This is the lowest entry point into the main problem. For 
this part students should construct (or be presented) with regular pentagrams. The 
participants will note that the sum of the degrees for the outer five angles of the 
pentagram is always 180 degrees. Next participants and students will be asked to 
develop a deductive proof as to why this holds in regular pentagrams. This can be proven 
using facts about a pentagon having angles that sum to 540 degrees and triangles having 
angles that sum to 180 degrees. 
Part 3: Non-regular Pentagram. Here students will look at different pentagrams and 
discover that outer angles still sum to 180 degrees. This can be done with protractors or 
using Geometers Sketchpad. The deductive proof is very similar to the deductive proof 
in the part 2, except that the inner pentagon angles cannot be assumed to be equal so you 
have to work with what the sum of the angles together must be. 
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Part 4: Hexagram etc. The extension of this problem is to look at the outer angles of 
hexagram and other n-grams. Here the inductive process reveals that the sum of the 
angles increases by 180 degrees each time a side is added to the inner polygon. The 
deductive proof can be written from scratch here but it can also be done by making 
modifications to the proofs constructed in part 2 and 3. 
Participant work on Problem: 
The participants will be given the opportunity to work on the problem. During the 
exploration and proof writing, the facilitator will again model the monitoring practice and 
productive talk moves during discussions. This will include the facilitator providing hints 
and guidance when the participants have drifted off course but not direct answers. These 
actions will be used by the facilitator during all the exploration and proof writing 
expenences. 
Discussion oflnvestigation 
Participants will be given an opportunity to discuss their work on the investigation since 
thi's will still be a new way of performing a proving activity for most of the participants 
and teachers need the opportunity to reflect on a new way of learning before they can 
facilitate it with their students. One of the key pieces of the discussion is to include the 
important fact that the later parts of this problem depended on key conclusions from the 
previous. It is important that participants realize that this is a key feature of mathematics 
and should be included frequently in proving activities. 
Discussion questions will include: 
• How did using previously established information help you solve the question? 
• How was the problem scaffolded to promote/inhibit the use of such information? 
• How did working collaboratively help you solve this problem? 
• How did the facilitator's questions help facilitate/inhibit the investigation? 
• How did the exploration facilitate/inhibit the writing of the final proof(s)? 
• Were you frustrated at any point during the investigation? How did you handle 
that frustration? 
Developing the Lesson Plan 
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This problem will serve as good first investigation for students because at this point in the 
year, they will have completed their study of supplementary angles as well as the interior 
angles of polygon. Therefore, they can focus on the exploration rather than learning all 
new concepts. 
In this section of the session, the participants will have the opportunity to develop this 
problem into a lesson plan for their students keeping the five practices in mind. They 
aliso will need to consider how they will scaffold the lesson and what entry point they 
want to provide their students. 
They will also need to think about their responses when students get stuck. The goal of 
these sessions is to allow students to think through the proof process on their own (with 
teacher assistance). So the question teachers will need to consider is how to help students 
without revealing the answer. One suggestion is through the use of hint cards which 
students can pick up when they get stuck. Such cards might say (Craven, 2010): 
• Look at the five big triangle's angle measures - for example, one with angles a, 
w, andy (see figure above) 
• Write equations using the five triangles and then compare them to a + b + c + d + 
e. 
• Rewrite h, j, k, m, n, p, q, r, s, and tin terms of a, b, c, d, e 
• Write equations using the five triangles now. Remember what a + b + c + d + e 
equals 
Teachers will be asked to write their own hint cards for their classes. This particular 
practice will also be helpful in fulfilling the anticipating practice because it is here that 
they will consider all the possible solution methods as well as areas where the students 
might struggle. 
Homework 
Teachers will be asked to perform the proof task with their classes and bring sample work 
to the next class (using the previous requirements) as well as notes from their 
anticipating, monitoring, and selecting and sequencing times. This will be used for a 
tuning protocol during the next session. In addition, teachers will be asked to fill out a 
reilection sheet before coming to the next session. Finally, teachers will be asked to 
examine the Overlapping Squares Problem in advance of the next session so they are 
prepared to write their second proving activity. 
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PENTAGRAMS AND MORE 
(Craven, 2010) 
Question 1: Find the measure of each angle in the following diagram. You must justify 
each of your responses. 
Question 2: Examine the outer angles (the angles that make up the points) of a regular 
pentagram (Example shown below). What do you notice? Why is this happening? 
Question 3: Examine the outer angles (the angles that make up the points) of any 
pentagram (Example shown below). What do you notice? Why is this happening? 
Question 4: What about the sums ofthe outer measures ofthe angles of a hexagram? 
Heptagram? AnN -gram? 
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REFLECTION SHEET ON TEACHING OF LESSON 
1. Give a brief overview of the teaching of your lesson. 
2. Describe the class during the exploratory phase. What was your role? 
3. Describe the class during the proof writing phase. What was your role? 
4. What parts of the lesson did your students struggle with? What actions did you 
take when your students struggled? 
5. How would you modify the lesson for future use? 
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OVERLAPPING SQUARES PROBLEM 
(McCrone et al., 2010) 
Question: Two congruent squares (n units by n units) overlap. Vertex C of one square is 
the center of the other square (see figure). Ifthe square with vertex Cis allowed to rotate 
about the center C of the other square, what is the largest possible value of the 
overlapping shaded area? 
c 
·a) SQuare (b) Triangle 
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LESSON 6: PUTTING IT ALL 
TOGETHER: DEVELOPMENT 
OF LESSON 1: ANGLES OF 
PENTAGRAM AND MORE 
Presenter: Matthew Chedister 
PENTAGRAMS AND MORE. 
• Part 1 : Find the measure of each angles In the 
following diagram. You must justify each of 
your responses. 
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Pentagram Problem 
• This problem combines all the key points we 
have discussed : 
Inductive reasoning to find patterns 
Deductive reasoning to discover why they patterns 
hold 
• "Working backwards" to write our proofs 
PENTAGRAMS AND MORE 
• Question 2: Examine the outer angles (the 
angles that make up the points) of a regular 
pentagram (Example shown below). What do 
you notice? Why Is this happening? 
PENTAGRAMS AND MORE 
• Question 3: Examine the outer angles (the 
angles that make up the points) of any 
pentagram (Example shown below). What do 
you notice? Why is this happening? 
I 
I ' •' '\' '' '• · ~·: ". 
': .1 
Discussion of Investigations: 
, How did using prevlousty established Information help you solve 
the question? 
, How was the problem scaffolded to promote!lnhlbll the use or 
such Information? 
How did working collaboratively help you solve this problem? 
How did the facilitator's questions help facilitate/ Inhibit the 
Investigation? 
How did the exploration facilitate/Inhibit the writing of the flnal 
proof(s)? 
~ Were you frustrated at any point during the lrrvestlgatton? How 
did you handle that frustration? 
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PENTAGRAMS AND MORE 
' Question 4: What about the sums of the 
outer measures of the angles of a hexagram? 
Heptagram? An N-gram? 
Developing The Lesson 
, Write a lesson plan to use the Pentagrams Etc. 
Problem in your class as a proving activity. 
• Include how: 
your students will use Inductive and deductive 
rea.sonlng and write a final proof. 
you are going to ensure that you use the 5 
practices. 
· you are going to handle student frustrations when 
they get stuck. 
Hint Card: 
, Examples: 
Look at the five big triangle's are measures - for 
example, one with angles a, w, andy {see figure above) 
Write equations using the five triangles and then 
compare them to a+ b + c + d + e. 
Rewrite h, j, k, m, n, p, q, r. s, and tin terms of a, b, c, d, 
e 
Write equations using the five triangles now. Remember 
what a + b + c + d + e equals 
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Homework 
• Perform the proof task with your classes and 
bring sample work to the next class (using 
the previous requirements) as well as notes 
from your anticipating, monitoring, and 
selecting and sequencing times. 
• Fill out a reflection sheet before coming to 
the next session. 
, Examine the Overlapping Squares Problem in 
advance of the next session 
SESSION 7: REFLECTIONS ON ACTIVITY 1 AND 
DEVELOPMENT OF PROVING ACTIVITY 2 
Goals: In this session, the participants will reflect on the first round oflesson teaching 
(based on the Pentagrams and More problem) and use those reflections to refine the 
lesson and plan the next phase lesson in the cycle. 
Timeline: 2 Hours 
• Review of Observations and Reflections: 1 Hour 
• Developing Lesson 2: Overlapping Squares: 1 Hour 
1\'laterials: 
• Reflections by Teachers 
• Copies of Overlapping Squares Problems 
Description of Session: 
rVhat We are going to do: 
In this session, the participants will review the first lesson using the tuning protocol using 
reflection sheets, student work, and notes on the five practices as a guide. As a group, 
the teachers will then refine their lesson plan and note what big ideas they want to keep in 
mind for the next round of lesson development. This will be the plan that will be used 
throughout each cycle of lesson reflection. 
Points to Emphasize: 
Rt~flections on Pentagrams Etc. Problem: 
During this phase of the professional development program, the norms that were 
established will be especially important as the teachers need to admit when they are 
confused and where they really struggled so that progress can be made. 
Here the group will use the tuning protocol with a teacher acting as the presenter. In this 
case, the teacher will present their examples of student work as well as their notes about 
the 5 practices. During the debriefing session, teachers will be encouraged to bring their 
own student work and notes to support or refute ideas brought up the initial discussion. 
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Guiding questions should include: 
• What was the overall learning goal of your proving task? Did you accomplish 
this goal? 
• How did your use of the five practices aid or inhibit reaching this goal with this 
proving activity in your class? Specifically, how did anticipating prepare you for 
student responses? How did you select and sequence student explanations and 
how did this affect class discussions? 
• Did the use of hint cards help or inhibit student exploration? 
• During the proof writing phase, was this process proceduralized? 
• How did the previous sessions work on explorations influence your teaching? 
• How does the student work you brought support your conclusions? 
After these questions are answered, the participants will work together to revise the 
lesson plan and add the appropriate scaffolding to allow for the lesson to be improved for 
the next round. Teachers will also make note of the big ideas from their discussion to 
help them with the next phase of lesson planning. 
Overlapping Squares Problem 
In this problem it will be quickly apparent that the overlapping region is Y4 of the area in 
the first two cases shown below. The teachers will have to prove that area is always Y4 by 
verifying that the shape in the third picture is always Y4 of the total. 
c c 
(b) Triangle (c) General quadrilateral 
This can be done with an argument based on breaking the shape into pieces and using 
congruent triangles as shown in the second figure. This can be done because CJK and 
CLM are right angles and CL and CJ are both equal length segments since they are drawn 
from the center to midpoint of one side. Finally, JCK and MCL are congruent because 
when added to KCL both form a right angle. Therefore, the triangles are congruent by 
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ASA, which means they have equal area. Therefore, the quadrilateral has an area equal 
to one fourth the area of the original square because it is the same as case one. 
c 
Creation of Lesson 2 
First, participants will work in groups to review the work they did independently between 
sessions. After this is completed, the participants will take part in a debriefing session 
discussing the key features they need to include in their lesson plan for this proof activity. 
A key moment in this problem is recognizing that in the case of the general quadrilateral 
(picture furthest to the right); the crucial step is breaking this figure into a triangle and 
trapezoid. The participants will need to focus on how they will get students to recognize 
this key point. 
c c 
(b) Triangle (c) General quadrilateral 
The participants will then write a lesson plan they will use to run the investigation in their 
classrooms that will include the following: 
• A series of questions to get students to gather data to note and generalize that the 
overlapping area is 1!4 the area of either square. 
• An opportunity for students to write deductive proof that shows the area is equal 
using congruent triangles. 
• Appropriate scaffolding for students to recognize the congruent triangles if it is 
not immediately apparent. 
• Creation of hint cards and anticipation of possible student responses and 
misconceptions to monitor for. 
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• A outline of the probable selection and sequencing of possible answers during the 
whole class discussion phase. 
Homework 
The homework will be similar to session 6. Teachers will be asked to perform the proof 
task with their classes and bring sample work to the next class (using the previous 
requirements) as well as notes from their anticipating, monitoring, and selecting and 
sequencing. This will be used for a tuning protocol during the next session. In addition, 
teachers will be asked to fill out a reflection sheet before coming to the next session. 
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SESSION 7: REFLECTIONS ON 
ACTIVITY 1 AND 
DEVELOPMENT OF PROVING 
ACTIVITY 2 
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Guiding Questions 
• What was the overall learning goal of your proving task? 
Did you accomplish this goal? 
• How did your use of the five practices aid or inhibit the 
reaching this goal with this proving activity In your class? 
• Did the use of hint cards help or Inhibit student 
exploration? 
• How did the previous sessions work on explorations 
innuence your teaching? 
> How does the student work you brought support your 
conclusions? 
Guiding Questions 
How do we need to revise the problem for 
future use? 
• What lessons did we learn that will help us as 
we move forward to the next proving 
activities? 
Overlapping Square Problem 
• Two congruent squares (n units by n units) 
overlap. Vertex C of one square is the center 
of the other square (see figure). If the square 
with vertex C is allowed to rotate about the 
center C of the other square, what Is the 
largest possible value of the overlapping 
shaded area? 
Developing the Lesson Plan 
• Write a lesson plan: 
A series of questions to get students to gather data to 
note and generallu that the overlapping area Is ~ the 
area of either square. 
An opportunity for students to write deductive proof that 
shows the area Is equal using congruent triangles . 
Appropriate scaffolding for students to recognize that 
congruent triangles If it is not Immediately apparent. 
Creation of hint cards and anticipation of possible 
student responses and misconceptions to monitor for. 
, A outline of the probable selection and 
sequencing of possible answers during the whole 
class discussion phase. 
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All Areas are 14 the Area of the 
Square 
• Proven by breaking the overlap Into a triangle 
and a trapezoid and using congruent triangles as 
shown In the second flgu re. 
· CJK and CLM are right angles 
· CL and CJ are both equal segments lengths since they 
are drawn from the center to midpoint of one side. 
· JCK and MCL are congruent because when added to KCL 
both form a right angle. 
· The triangles are congruent by ASA, which means they 
have equal area. The quadrilateral has an area equal to 
one fourth the area of the original square. 
Homework 
> Perform the prooftask with your class 
• Bring sample work to the next session (using 
the previous requirements) 
• Bring notes from their anticipating, 
monitoring , and selecting and sequencing. 
> Fill out a reflection sheet before coming to 
the next session. 
SESSION 8: REFLECTIONS ON LESSON 2 AND 
DEVELOPMENT OF LESSON 3 
Goals: The goal of this lesson is to reflect on lesson 2 and use those experiences to begin 
to develop lesson 3 which will be on a similarity or the Pythagorean Theorem 
Timeline: 2 Hours 
• Reflection on Lesson 2: 1 Hour 
• Begin development of Lesson 3: 1 Hour 
Materials: 
• Reflections of teacher 
• Copies of journals/texts that teachers will use to create lesson 
• Chart paper 
Description of Session: 
What we are going to do: 
The first phase will be the second reflection period which will follow the same format as 
the previous reflection: observed teacher reflections, whole group reflections based on 
reflection sheets and individual experiences. In the second half, the teachers will begin 
to design a lesson on similar triangles theorems or the Pythagorean Theorem. 
Points to Emphasize: 
R1~flection Phase: 
The reflection phase will follow the same format as tuning protocol in session 7. At the 
end of the reflections, the teachers will revise the second lesson and use those revisions to 
immediately develop lesson 3. Again, the key points of discussion are: 
• What was the overall learning goal of your proving task? Did you accomplish 
this goal? 
• How did your use of the five practices aid or inhibit reaching this goal with this 
proving activity in your class? Specifically, how did anticipating prepare you for 
student responses? How did you select and sequence student explanations and 
how did this affect class discussions? 
• Did the use of hint cards help or inhibit student exploration? 
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• During the proof writing phase, was this process proceduralized? 
• How did the previous sessions work on explorations influence your teaching? 
• How does the student work you brought support your conclusions? 
Development of Lesson 3: Similar Triangle Theorems or Pythagorean Theorem 
The goal of this proving activity development is to design a proving activity from scratch 
it will take up the next two sessions. The teachers will break into two groups. One will 
develop a proving activity based on a number of similar triangles theorems that are given 
in the text. The other will develop a proving task around the Pythagorean Theorem 
because there are many ways to prove the Pythagorean Theorem, but these proofs are 
rarely explored in class. In this lesson, development activity, teachers will develop a 
proving activity in which students will prove one of the proofs of the Pythagorean 
Theorem. These topics are selected because these are the sections of the course that the 
teachers are most likely to be studying. The key components of the lesson that teachers 
must develop are: 
• It must include an exploration in which students gather inductive data that verifies 
the truth of each of these theorems. Depending on resources, teachers can use 
either sketchpad or ruler and protractor to develop this information. 
• It must ask students to create a deductive proof for the theorems. This should 
encourage students to develop their proofs first 
• The activity should develop all four similarity theorems/Pythagorean Theorem 
and conclude with the students writing out the proof 
During the remainder of this session the participants will brain storm ideas for how to 
develop their lessons. They will examine relevant journal articles and create a rough 
outline of how they will meet the three bullet points listed above. They will return in the 
next session and complete the drafting of their lesson. They will give their outlines to 
the facilitator so he can give them feedback prior to the next session. 
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S~ARTRIANGLESTHEOREMS 
Theorem 1: If two triangles are similar then the lengths of the corresponding altitudes 
and medians are proportional to the lengths of the corresponding sides. 
Theorem 2: Iftwo triangles are similar then the measures oftheir corresponding angle 
bisectors are congruent. 
Theorem 3: An bisector of an angle in a triangle divides the opposite side into two 
segments whose lengths are in the same ratio as the remaining two sides. 
Theorem 4: The diagonals of a trapezoid form a pair of similar triangles within the 
trapezoid. 
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Guiding Questions 
, What was the overall learning goal of your proving task? 
Did you accomplish this goal? 
• How did your use of the five practices aid or inhibit the 
reaching this goal with this proving activity in your class? 
Did the use of hint cards help or inhibit student 
exploration? 
• How did the previous sessions work on explorations 
innuence your teaching? 
, How does the student work you brought support your 
conclusions? 
Guiding Questions 
> How do we need to revise the problem for 
future use? 
• What lessons do we need to use as we move 
forward to the next proving activities? 
OPTION l: SIMILAR TRIANGLES 
THEOREMS 
• Theorem 1 : If two triangles are similar then the lengths of 
the corresponding altltuoe and median are proportional to 
the lengths of the corresponding sides. 
• Theorem 2: If two triangles are similar then the measures 
of their corresponding angle bisectors are congruent. 
, Theorem 3: An bisector of an angle In a triangle divides 
the opposite side Into two segments whose lengths are in 
the same ratio as the remaining two sides. 
• Theorem 4: The diagonals of a trapezoid form a pair of 
similar triangles within the trapezoid. 
Development of lesson 3: 
, Requirements : 
It must Include an exploration In which students gather 
Inductive data that verifies the truth of each of these 
theorems. 
It must asks students to create a deductive proof for the 
theorems. 
The activity s~ould develop all four theorems and conclude 
with the students writing out the proof. 
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Option 2 : Pythagorean Theorem 
Prqyipg.J~s~ 
• Select a proof of the Pythagorean theorem 
and design a proving activity for it. 
SESSION 9: COMPLETION OF LESSON 3 AND 
INDUCTIVE ARGUMENT INVESTIGATION 
Goals: The goal of this session is to complete the development oflesson 3 and discuss 
the limitations of inductive arguments. 
Timeline: 2 Hours 
• Development of Lesson 3: 1 Hour 
• Inductive Argument Investigation: 1 Hour 
Materials: 
• Reflections of teacher 
• Copies of journals/texts that teachers will use to create lesson 
• Chart paper 
Description of Session: 
Wlhat We are going to do: 
First, the teachers will complete their design of the similar triangles/Pythagorean 
Theorem lessons. Teachers will then explore the limits of inductive reasoning to be used 
if students begin to question the need for deductive proofs. 
Points to Emphasize: 
Completion of Development ofLesson 3: Similar Triangles/Pythagorean Theorem 
The outlines created by the teachers at the previous session will be returned with 
facilitator feedback. Teachers will use their outlines for their lesson plan and will 
complete writing their lesson plan. They should be reminded that their final plan must 
include the following: 
• It must include an exploration in which students gather inductive data that verifies 
the truth of each of the theorems. Depending on resources, teachers can use 
either sketchpad or ruler and protractor to develop this information. 
• It must ask students to create a deductive proof for the theorem. This should 
encourage students to develop their proofs first 
• The activity should develop the theorem and conclude with the students writing 
out the proof. 
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Empirical Argument Investigation: 
At some point during their investigations, students are likely to argue that inductive 
arguments or proofs by examples appear to be sufficient and they are bothered and 
frustrated by the fact that they have to do deductive proofs. This set of problems is 
meant to answer this concern, but is to be used only with students once they believe in the 
power of inductive reasoning but are questioning the necessity of deductive proof. 
These are two investigations which the participants are likely to draw conclusions that are 
false because they have not examined enough cases. The first investigation (Line 
Segments on A Circle) breaks down in the sixth case after it appears the formula is 2n-l. 
The geoboard activity breaks down when lengths that can be made using Pythagorean 
triples which leads to double counting. 
When discussing these problems, participants will note the types of thinking they used on 
the problems. The type of thinking they have used so far is inductive reasoning to 
develop a conjecture or empirical argument. There will be a discussion as to how these 
arguments fall apart can help students see the need for deductive arguments. However, 
part of this discussion also needs to be that empirical arguments and inductive reasoning 
still have a critical role in mathematics. They are valuable in identifying patterns, 
generating conjectures, and offering insight into what deserves to be proved and why. It 
is just that allowing students to believe empirical evidence constitutes a proof creates a 
serious threat to the opportunity to learn proof. 
Therefore, the group will need to discuss the importance of balancing showing the 
students both the strengths and weaknesses of inductive arguments. Specifically, this 
includes giving students plenty of practice with both types of arguments before showing 
specific weaknesses. 
This portion will end with a discussion about how the participants could make valid 
generalizations for the two problems. This will include talk about if they can begin to 
form a deductive proof. Participants will probably struggle with the frrst problem to 
make any further headway, but participants should note that a study of the Pythagorean 
triples could be an area of further investigation that could lead to more valid 
generalization and counts. If participants have experience with graphing calculators they 
will find that the number of regions in the first investigation is 1124(n4 - 6n3 + 23n2 -18n 
+ 24) using regression, but this is beyond the scope of this problem especially for 
students. 
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Line Segments on A Circle 
Question: Place different numbers of spots around a circle and join each pair of spots 
by straight lines. How many non-overlapping regions occur? 
Line Segments on A Geo Board 
Question: How many different line segments can you make on an n x n geoboard? 
285 
SESSION 9: COMPLETION OF 
LESSON 3 AND INDUCTIVE 
ARUGMENT INVESTIGATION 
Presenter: Matthew Chedister 
' ----
1 ' 
{ 
--~ 
Option 2: Pythagorean Theorem 
Proyjl}_g 1..?-sk 
, Select a proof of the Pythagorean theorem 
and design a proving activity for it. 
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OPTION 1: SIMILAR TRIANGLES 
THEOREMS 
• Theorem 1: If two triangles are similar then the lengths of 
the corresponding altltui:le and median are proportional to 
the lengths of the corresponding sides. 
• Theorem 2: If two triangles are similar then the measures 
of their corresponding angle bisectors are congruent. 
• Theorem 3: An bisector of an angle In a triangle divides 
the opposite side Into two segments whose lengths are In 
the same ratio as the remaining two sides. 
• Theorem 4: The diagonals of a trapezoid form a pair of 
similar triangles within the trapezoid, 
Development of Lesson 3: 
> Requirements : 
It must Include an exploration In which students gather 
IndUCtive data that verlftes the truth of each of these 
theorems. 
It must asks students to create a deductive proof for the 
theorems. 
The activity should develop all four theorems and conclude 
with the students writing out the proof. 
Inductive Reasoning/Empirical 
Argument Gaps 
• This should be given when students believe in 
the power of inductive arguments but are 
questioning the need for deductive 
arguments. 
, It should NOT be given until students are 
comfortable with inductive reasoning and see 
its uses. 
The Problems ... . 
Line Segments jn A Circle 
This empirical evidence suggests that the 
number of regions will always by 2 n-1 but the 
sixth circle has only 31 reason. 
Line Segments on A Ceoboard 
Pythagorean Triples leads double counting. 
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The Questions 
Line Segments on A Circle 
Question: Place different numbers of spots 
around a circle and join each pair of spots by 
straight lines. How many non-overlapping 
regions occur? 
Line Segments on A Geo Board 
Question: How many different line segments 
can you make on an n x n geoboard? 
SESSION 10: FINAL REFLECTION AND WRAP UP 
Goals: The goals of this session are to perform a fmal reflection on the two proving 
activities that the teachers developed. They will then discuss the big ideas of the 
professional development program, and fill out an evaluation form for future planning. 
Tnmeline: 2 Hours 
• Reflections on Lesson 3: 1 Hour 
• Discussion of Big Ideas: 45 minutes 
• Evaluations: 15 minutes 
M:aterials: 
• Chart paper 
D<escription of Session: 
What we are going to do: 
In this session, the teachers will perform a fmal tuning protocol reflection around the two 
investigations that they created. Next, the teachers will discuss the big ideas of the 
professional development program with a focus on creating a list of key ideas that 
teachers need to consistently keep in mind so that they are integrating the proof writing 
process into their curriculum. Finally, participants will fill out an evaluation of the 
professional development program to aid in future planning. 
Points to Emphasize: 
Reflection Phase: 
The reflection phase will follow the same format as previous sessions. Here there will be 
two cycles of discussion because of the two problems that were developed. Again, the 
key points of discussion are: 
• What was the overall learning goal of your proving task? Did you accomplish 
this goal? 
• How did your use of the five practices aid or inhibit the reaching this goal with 
this proving activity in your class? Specifically, how did anticipating prepare you 
for student responses? How did you select and sequence student explanations and 
how did this affect class discussions? 
• Did the use of hint cards help or inhibit student exploration? 
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• During the proof writing phase, was this process proceduralized? 
• How did the previous sessions work on explorations influence your teaching? 
• How does the student work you brought support your conclusions? 
Summary of Big Ideas 
The participants will now be on their own to find problems to make investigations that 
lead to proving activities. They should be reminded that journals such as NCTM provide 
many ideas for such explorations. 
The participants should also make a list of some of the ideas they need to consider when 
creating an appropriate investigation for their students. Ideas that should be covered are: 
• To keep in mind students, current abilities to create investigations that are 
appropriate. Appropriate means within their zone of proximal development or 
that they can accomplish with appropriate scaffolding. Problems that are too 
easy will not lead to any development and only lead to proceduralized learning 
• To develop appropriate scaffolding and hints prior to the creation of the problem. 
Without these teachers are often forced to revert to telling students too much 
information taking away from the proving task 
• To allow students appropriate amounts of time to explore during the proving 
activity. 
• To allow students that guide the exploration often in small groups so everyone has 
a chance to take part. The teachers role should be to refer questions to other 
members of the group or provide guidance that helps move the exploration 
forward but does not give away answers 
• To allow students during the proof writing to take ownership of the proof and put 
together their own logical chain of ideas that lead to appropriate conclusions. 
• To not allow students to get away with empirical proofs if they are 
developmentally ready to give a complete proof. If they are not ready, the proof 
should be put aside but returned to at a later date. 
• To make sure that students' answers constitute appropriate proofs based on the 
definitions given. If they are not teachers need to point out the flaws and guide 
students toward corrections. 
These ideas and the ideas that teachers establish will be recorded on chart paper and also 
given to teachers to keep with them as they work on writing their owns tasks 
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Evaluation 
Teachers will be asked to fill out an evaluation form on the course that will help with 
future iterations of the professional development program. 
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Guiding Questions 
• How was the student exploration performed? 
What was your role? 
, How was the proof writing phase performed? 
What was your role? 
, How did our previous work affect your decisions? 
• What evidence did you gather from your student 
work about their abilities and your facilitation of 
the proof writing activity? 
Guiding Questions 
• How do we need to revise the problem for 
future use? 
• What lessons do we need to use as we move 
forward to the next proving activities? 
at eas ee o 
Keep In Mind When Designing and 
Using Proving Activities? 
• Students' current ability 
• Appropriate scafolding 
~ Appropriate time frame 
• Student ownership 
• Proofs need to be written following the 
appropriate logical chains of reasoning. 
' Deductive proofs should always be the goal -
not empirical arguments. 
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